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Abstract
We develop a dynamic infinite-horizon model with two layers of governments to study theoret-
ically and quantitatively how fiscal decentralization affects local and central government debt
accumulation and spending. In the model, the central government makes transfers to local gov-
ernments to offset vertical and horizontal fiscal imbalances. But the anticipation of transfers low-
ers the local governments’ expected cost of borrowing and leads to overborrowing ex ante. Absent
commitment, the central government over-transfers to reduce local governments’ future need to
borrow, and in the equilibrium both local and central debts are inefficiently high. Consistent with
empirical evidence, when fiscal decentralization widens vertical fiscal imbalances, local govern-
ments become more reliant on transfers, and both local and central debts rise. Applied to Spain,
the model explains 43% of the rise in total government debt when the vertical fiscal imbalances
widened during 1988–1996, and 20% of the fall in debt when the imbalances narrowed during
1996–2006.
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“The creation of Debt should always be accompanied with the means of extinguishment.”

—Alexander Hamilton, Report on Public Credit, 1790

1 Introduction

In many countries, revenue collection power is largely held by the central government, while spend-
ing responsibilities are disproportionately assigned to local governments.1 Because of this asymmetry—
known as “vertical fiscal imbalances,” local governments’ own revenue often falls short of their
spending, and the gap is filled by intergovernmental transfers from the central government and
local governments’ borrowing. Existing empirical findings suggest that widening vertical fiscal im-
balances in a country are associated with worsening aggregate fiscal performance, such as faster
public debt accumulation (see e.g. Rodden 2002, Eyraud and Lusinyan 2013). Panel A of Figure 1
shows the gaps in local government finances for three OECD countries, and Panel B shows that the
total government (central and local) debt tends to rise faster when vertical fiscal imbalances widen.

The theoretical literature on the soft budget constraint problem offers one channel for this rela-
tionship: rising vertical fiscal imbalances worsen local governments’ soft budget constraint problem
and lead to rising local government debt (Boadway and Shah 2007, Chapter 5). But because this
literature uses mostly static or two-period models, it does not have anything to say about central
government debt,2 which accounts for the majority of government debt changes in the data.3 Even
less is known about the size of the effect of vertical fiscal imbalances on government debt accumu-
lation.

In this paper, we quantify the effect of vertical fiscal imbalances on total government debt accu-
mulation by developing an infinite-horizon model. The infinite-horizon is a valid choice because it
allows us to consider central government debt alongside local government debt. The model delivers
a novel result in the equilibrium: the central government over-transfers to the local governments,
to the extent that the marginal utility from local government spending is smaller than the marginal
utility from central government spending. Applying the model to fiscal decentralization, wider ver-
tical fiscal imbalances make the local governments more reliant on transfers and exacerbate the soft
budget constraint problem, so local government debt rises. As transfers rise, the central government
needs to borrow more, so central government debt also rises. We take advantage of fiscal decentral-
ization reforms in Spain to quantitatively evaluate the impact of vertical fiscal imbalances on total
government debt.

1We use “central government” to refer to the national government in a country, and use “local government” to collec-
tively refer to the subnational government such as a regional, provincial, or municipal government.

2In a two-period model, central government debt is zero at the end of the second period by default. This means that
even though it is possible to model central government borrowing between the first and second periods, a two-period
model does not allow the accumulation of debt over time.

3For example, for G-7 countries, the change in central government debt-to-GDP ratio during 1995–2015 ranges from
35% (Canada) to 133% (Japan); the change in subnational government debt-to-GDP ratio is much smaller, ranging from
2% (United Kingdom) to 13% (Japan).
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Figure 1: Fiscal decentralization indicators and changes in total government debt
Panel A: Local governments’ own revenue (blue dash) and spending (red dotted).

Unit: percent of national GDP

Panel B: Vertical fiscal imbalances (blue dash, left)
vs annual changes in total government debt (red dotted, right)

Note: Local governments’ own revenue(spending) excludes transfers from(to) the central government. Vertical fiscal
imbalances = (Local governments’ spending – Local governments’ own revenue)/Local governments’ spending × 100.
Total government debt is the sum of central and local government debts. Annual changes in total government debt are

calculated as the percentage changes in debt outstanding relative to the previous year.

Our model features a fiscal federation with soft budget constraints on local governments and
an inherent time-inconsistency problem. Local governments have proportionally more spending re-
sponsibilities than revenue. This asymmetry creates the vertical fiscal imbalances. Both local and
central governments can borrow and spend. But some local governments have more borrowing
autonomy and hence heavier debt service burdens than others, which creates horizontal fiscal im-
balances among the local governments. The central government can make transfers to local gov-
ernments to reduce the vertical and horizontal imbalances, through uniform lump-sum or debt-
contingent transfers. The uniform lump-sum transfer is non-distortionary but it cannot address the
cross-region horizontal imbalances. The debt-contingent transfer favors the local governments that
are more heavily indebted and hence can potentially reduce horizontal imbalances ex post. But the
anticipation of the debt-contingent transfer in the future softens the local governments’ budget con-
straint and creates ex ante incentives for the local governments to overborrow. As such, there is an
inherent time-inconsistency problem: ex ante the central government wants to promise lower future
debt-contingent transfer to reduce overborrowing; ex post it wants to transfer more to reduce the
vertical and horizontal fiscal imbalances.

Given the inherent time-inconsistency problem in the model, we focus on the time-consistent
equilibrium. We characterize the Markov-perfect equilibrium, where the central government has no
commitment over its future transfer, spending, and debt policies. We show two theoretical results in
this equilibrium. First, the central government prefers to use the debt-contingent transfer, because
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without commitment to future policies it does not consider the ex ante distortionary effect of debt-
contingent transfer. As a result, the local governments overborrow relative to the efficient allocation
benchmark—a common result in the soft budget constraint literature.

The second and more novel result is that in the time-consistent equilibrium, the central govern-
ment over-transfers such that at the steady state, the marginal utility from local government spend-
ing is smaller than the marginal utility from central government spending. This is in sharp contrast
with the common result in the literature, where the size of federal transfers is chosen to equalize the
marginal utility of spending across different regions or different levels of governments.4 The reason
lies in the infinite-horizon feature of our model. In a two-period model with soft budget constraints,
the central government moves last and does not need to take into account the impact of its decisions
on the future. It simply chooses the amount of transfers that equates the marginal utilities from
different types of public spending. In an infinite-horizon model, the central government considers
the impact of its decisions on the local governments’ behaviors in the future. In particular, in our
model, the central government today understands that local governments overborrow because of
their anticipation of future debt-contingent transfers. Without the ability to commit to lower future
debt-contingent transfers, the central government finds it optimal to over-transfer today to reduce
the local governments’ need to borrow. In the equilibrium, the over-transfer exacerbates ex ante
overborrowing by local governments, and worsens the vertical fiscal imbalances.5

Given the equilibrium properties, the model predicts that widening vertical fiscal imbalances
are associated with faster government debt accumulation, which is consistent with past empirical
findings. In the model, when vertical imbalances widen, local governments become more reliant
on intergovernmental transfers to finance local spending. The anticipation of more transfers, and
in particular more debt-contingent transfers, exacerbates local governments’ overborrowing. At the
same time, central government debt rises to finance the higher transfers. In many countries, fis-
cal decentralization reforms tend to widen the vertical imbalances, because decentralization on the
spending side often outpaces the revenue side. A number of international organizations have advo-
cated for “balanced” fiscal decentralization (e.g. Lam et al. 2017; Sow and Razafimahefa 2017; Cibils
and Ter-Minassian 2015). We formalize the idea and calculate the revenue decentralization needed
to keep the observed expenditure decentralization “debt-neutral” or balanced.

To quantify the effects of vertical fiscal imbalances on government debt accumulation, we cali-
brate the model to Spain. Like many other countries, the local governments in Spain rely heavily
on central government transfers, and regions with higher debt tend to receive more transfers.6 The

4For example, in Sanguinetti and Tommasi (2004), the size of central-to-local transfers is chosen to equalize each re-
gion’s marginal utility from private consumption (which is comparable to local government spending in our model) and
the marginal utility from central government consumption. In models without central government consumption, such
as Goodspeed (2002) and Kothenburger (2007), central-to-local transfer is chosen to equalize the marginal utility from
public spending in each region, after accounting for the possible externality of public goods or voting preference.

5We also consider the case of (time-inconsistent) Ramsey allocation. We find that because the central government has
commitment to future policies, it optimally under-transfers relative to the efficient allocation, which stands in contrast
with the over-transfer result in the Markov equilibrium.

6For other countries, empirically, Buettner and Wildasin (2006) show that for U.S. municipalities, changes in fiscal
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country has gone through several episodes of fiscal decentralization which changed the vertical fis-
cal imbalances. Empirically, as vertical imbalances widened, total government debt rose, which is
consistent with the empirical relationship documented in the cross-country empirical studies in the
literature.

Using the calibrated model, we find sizeable effects of changes in vertical fiscal imbalances on
government debt accumulation in Spain. To take advantage of different fiscal decentralization re-
forms in our analysis, we look at two distinct episodes prior to the European debt crisis. In the first
episode (1988–1996), faster decentralization of spending than revenue led to widening vertical im-
balance and rising total government debt. In the second episode (1996–2006), decentralization of
revenue caught up, so the vertical imbalances shrank, and total government debt fell. Quantitatively,
we find that decentralization explains 43% of the debt increase in the first episode and 20% of the
fall in the second episode.

Our analysis is closely related to the public economics literature on the soft budget constraint and
commonpool problems.7 Our paper complements this literature by using an infinite-horizonmodel.
With the exception of Velasco (2000), most of the past literature uses static or two-period models.
The infinite-horizon setup allows us to introduce central government debt and to study the dynamic
interaction between current and future central government policies. An important implication of
infinite-horizon is that absent commitment to future policies, the central government over-transfers
to offset distortions from future central government policies, to the extent that the marginal utility
from local government spending is smaller than (rather than equal to) the marginal utility from
central government spending. Introducing central government debt also allows us to quantitatively
study the impact of fiscal decentralization reforms on public debt accumulation.

A few papers in this literature also study the effects of fiscal decentralization on fiscal outcomes.
Themost related studies are Bellofatto andBesfamille (2018) andGarcia-Milà et al. (2002). Bellofatto
and Besfamille (2018) use a three-period model to compare two different revenue arrangements for
refinancing local projects: centralized versus decentralized tax revenue. Their focus is the impact of
different fiscal arrangements on the provision of local public goods rather than on aggregate fiscal
performance, and hence government debt is not modeled. Garcia-Milà et al. (2002) use a two-period
model to study the impact of soft budget constraint and revenue decentralization on local govern-
ment borrowing, when expenditure is already decentralized. In their model, whether or not the lo-
cal governments can raise tax revenue affect their debt choices between the first and second period,
while central government is assumed to maintain a balanced budget. Compared to these papers, we
use an infinite-horizon model to study the effect of fiscal decentralization on both local and central
government debt accumulation. The inclusion of central government debt is important given that

imbalances are financed to a large extent by subsequent changes in grants, and that increase in revenue leads to decrease in
debt service, while increase in expenditure leads to increase in debt service. Pettersson-Lidbom (2010) finds that Swedish
local governments that received the highest numbers of discretionary transfers also had the largest accumulation of debt.
Nicolini et al. (2002) show that the expectation of bailouts increases Argentina’s provincial governments’ incentives to
run budget deficits.

7See, for example, Kornai (1986); Qian andRoland (1998); Velasco (2000); Sanguinetti and Tommasi (2004); Besfamille
and Lockwood (2008); Bellofatto and Besfamille (2018); and Goodspeed (2016) for a review.
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it is empirically more relevant in explaining the movements in total government debt. Addition-
ally, our model allows us to study the full spectrum of spending and revenue decentralization in a
quantitative exercise, instead of the two polar cases of full decentralization and full centralization.

Conceptually, the model shares common elements of the literature on time-inconsistency and
time-consistent policies.8 We apply the idea of lack of commitment and policy distortion to the
context of fiscal federalism. Importantly, wemodel the borrowing decisions of both central and local
governments, and illustrate how central and local government debts interact with each other. In the
model, to reduce local governments’ overborrowing, the central government without commitment
over-transfers. The ability to borrow gives the central government the capacity to make even higher
transfers than a government with a balanced budget. The higher transfer further increases local
governments’ overborrowing, which leads to even higher total transfer and central government debt.
As such, the interaction between central and local debt amplifies the aggregate effects of vertical
imbalance on total debt.

The rest of the paper proceeds as follows: Section 2 presents the dynamic infinite-horizon model
and characterizes the equilibrium and optimal policies. Section 3 calibrates the model to Spain.
Section 4 contains quantitative applications to fiscal decentralization reforms and comparisons with
other fiscal systems. Extensions and robustness checks to the baseline model are contained in this
section. Section 5 concludes.

2 Model

In this section, we present an infinite-horizon model with two layers of governments, vertical fiscal
imbalances and inter-governmental transfers. As a benchmark, we first characterize the allocations
under a single consolidated government. We then consider the decentralized environment with
two layers of governments making their own decisions separately. The allocations will depend on
whether the central government has the ability to commit to its future transfers.

2.1 Model environment

We consider a small open economy. Time is discrete and infinite. There is a central government
and a continuum of local regions indexed by 𝑖 ∈ [0,1]. Each region has one local government and a
mass one of identical households. In each period, the representative household of a region receives
endowment income 𝑦, pays tax 𝑒 and consumes the residual. The total tax revenue is shared: 𝑓 for
the local governments and 𝑒− 𝑓 for the central government. The sharing of spending responsibilities
between the central and local governments is captured by a preference parameter 𝜃 to be elaborated
later. Given these, each (local or central) government makes its spending and borrowing decisions
each period, and the central government also determines transfers to local governments.

8See, for example, Klein, Krusell, and Ríos-Rull (2008); Martin (2011); Song, Storesletten, and Zilibotti (2012); Bianchi
(2016); Karantounias (2017); Bianchi and Mendoza (2018).
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Preferences. The representative household living in region 𝑖 has the preference
∞∑︁

𝑡=0
𝛽𝑡[ (1 − 𝜃)𝑢(𝑔𝑖,𝑡) + 𝜃𝑣(𝑐𝑡)⏟  ⏞  

utility from public consumption

+ 𝑤(𝑦− 𝑒)⏟  ⏞  
utility from private consumption

] (1)

where 𝑐𝑡 is the per capita central government spending and 𝑔𝑖,𝑡 is the per capita public spending of
local government 𝑖, and

Assumption 1. The utility functions 𝑢(·) and 𝑣(·) are smooth, increasing and concave.

Both levels of governments are benevolent and utilitarian. Local government 𝑖 chooses 𝑔𝑖,𝑡 and
local debt issuance 𝑏𝑖,𝑡+1 to maximize (1), subject to its local budget constraint. The central govern-
ment maximizes the average utilities of households living in all regions, subject to a central budget
constraint. We take household income 𝑦 and total government tax revenue 𝑒 as exogenous, so house-
holds’ utility from private consumption,𝑤(𝑦− 𝑒), drops out from the central and local governments’
welfare maximization problems.

The preference parameter 𝜃 can be micro-founded as follows. Suppose there are infinitely many
varieties of public goods, indexed by 𝜔 ∈ [0,1]. Goods 𝜔 ∈ [0, �̄�) are provided by the central govern-
ment (e.g. national defense), and goods 𝜔 ∈ [�̄�,1] are provided by the region’s local government
(e.g. local roads and fire stations). Households in each region derive utility from the basket of public
goods:

𝑈

(︃[︂∫︁ 1

0
𝑞(𝜔)

𝜎−1
𝜎 𝑑𝜔

]︂ 𝜎
𝜎−1
)︃

where 𝑞(𝜔) is the quantity of good 𝜔. A decrease in �̄� means more goods (or spending “lines”) are
provided locally. This can be understood for example as the decentralization of education and health
care spending inmany countries. Under unitary elasticity of substitution between goods (𝜎= 1) and
log utility, the preference becomes separable as in (1), with the parameter 𝜃 = �̄�1/𝜎

�̄�1/𝜎+(1−�̄�)1/𝜎 being
the utility weight for goods provided by the central government. Online Appendix A provides the
details of the transformation.

Vertical fiscal imbalances. To make the model suitable for studying inter-governmental transfers,
we assume that local governments’ share of total government revenue is not high enough to cover
their spending obligations. This describes the vertical fiscal imbalances in many countries (Figure
1) and provides the motivation for central-to-local transfers. The precise mathematical assumption
for vertical fiscal imbalances is given later by Assumption 4.

Two types of local governments. We further introduce a cross-region (or “horizontal”) fiscal gap
by modeling two types of local governments: the unconstrained (or type n) and the constrained
(or type o). Unconstrained local governments 𝑖 ∈ [0,𝜇], where 𝜇 ∈ (0,1), have the full autonomy
to borrow subject to an exogenous interest rate schedule. Constrained local governments 𝑖 ∈ (𝜇,1]
have no autonomy to borrow. For simplicity, we assume they cannot borrow.9 Regions are otherwise

9In the Online Appendix and for all the proofs of propositions, we present a more general case where the constrained
local governments face a constraint on borrowing 𝑏𝑜

𝑖,𝑡 ≤𝐵𝑜 with the exogenous debt limit 𝐵𝑜 ≥ 0.
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identical. This difference in borrowing introduces a cross-region fiscal gap, as regions with more
public debt also have higher debt service burdens.10

We denote the average debt of unconstrained local governments by 𝑏𝑛
𝑡 . Because all local govern-

ments of the same type are identical, 𝑏𝑖,𝑡 = 𝑏𝑛
𝑡 for 𝑖 ∈ [0,𝜇] and 𝑏𝑖,𝑡 = 0 for 𝑖 ∈ (𝜇,1]. The nationwide

(across all regions) local debt is then 𝑏𝑡 = 𝜇𝑏𝑛
𝑡 .

We introduce two types of local governments to create a link between local governments’ debt
and their transfer income. If all regions are identical, the central government can simply use a lump-
sum uniform transfer to replicate the allocation under a single consolidated government. With two
types of regions, the central government has incentives to provide more transfers to the more in-
debted regions to offset the cross-region fiscal gap. This creates a positive correlation between the
debt burden and transfer, which is the source of distortion in our model and is also supported em-
pirically as we document in Section 3.1.

Government Debt. The central government and unconstrained local governments borrow from
international financial markets, subject to exogenous and increasing interest rate schedules. The
central government faces the interest rate schedule 𝑆(𝑑𝑡), where 𝑑𝑡 is the central government debt.
The unconstrained local government faces the interest rate schedule𝑅(𝑏𝑛

𝑖,𝑡) for debt 𝑏𝑛
𝑖,𝑡. The separate

interest rate schedules for the central and local governments make the analysis more transparent,
and the distinction is not essential to the theoretical results. We make the following assumption on
the interest rate schedules to ensure interior solutions.

Assumption 2. Both interest rate schedules 𝑅(·) and 𝑆(·) are increasing and convex functions, and
there exist �̄�,�̄� > 0 such that 𝑅(�̄�) = 𝑆(�̄�) = 1/𝛽.

Transfers. In each period, the central government optimally chooses the amount of transfers to each
local government. At time 𝑡, for each region 𝑖, the only relevant individual state variable is its own
debt stock 𝑏𝑖,𝑡. The relevant aggregate state variables are the average debt of the unconstrained regions
and the central government debt (𝑏𝑛

𝑡 ,𝑑𝑡).

In general, we can write the transfers received by region 𝑖 at time 𝑡, 𝑇𝑖,𝑡, as a function of these
state variables. For tractability we adopt a first-order approximation:

𝑇𝑖,𝑡 = 𝛼0
𝑡 𝑏𝑖,𝑡 + 𝛼1

𝑡 𝑏
𝑛
𝑡 + 𝛼2

𝑡 𝑑𝑡 + 𝛼3
𝑡

where𝛼0
𝑡 ,𝛼1

𝑡 ,𝛼2
𝑡 and𝛼3

𝑡 are the (time-varying) coefficients chosen by the central government. Denote
𝛼0

𝑡 = 𝜏𝑡 and 𝑇 𝑢
𝑡 = 𝛼1

𝑡 𝑏
𝑛
𝑡 + 𝛼2

𝑡 𝑑𝑡 + 𝛼3
𝑡 , this becomes

𝑇𝑖,𝑡 = 𝜏𝑡𝑏𝑖,𝑡 + 𝑇 𝑢
𝑡 (2)

which is a more general case for the affine tax/transfer functions used in the literature (e.g. Lucas
and Stokey 1983, Aiyagari et al. 2002, Werning 2007, and Bianchi 2016).

10In our setup, the different debt service burdens across regions directly come from the assumption that regions’ abilities
to borrow differ. The model implications do not change, however, if we switch to other reasons why some local govern-
ments persistently borrow less than others with similar income levels, such as being more prudent in fiscal planning.
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Effectively, the central government has two transfer instruments: 𝑇 𝑢
𝑡 and 𝜏𝑡, which it decides

upon knowing the aggregate states (𝑏𝑛
𝑡 ,𝑑𝑡). Each unconstrained region receives 𝜏𝑡𝑏

𝑛
𝑖,𝑡 + 𝑇 𝑢

𝑡 and each
constrained region receives 𝑇 𝑢

𝑡 . Here 𝑇 𝑢
𝑡 can be interpreted as the uniform transfer identical across

all regions, and 𝜏𝑡 is the rate at which the central government compensates for the debt service
burden of unconstrained regions. Both instruments reduce the vertical fiscal imbalances between
the central and local governments. Additionally, any positive 𝜏𝑡 also reduces the cross-region fiscal
gap for given 𝑏𝑛

𝑡 > 0. As such, the transfer function can be interpreted as a form of fiscal equalization,
whereby the central government has a tendency to transfer funds from fiscally rich to fiscally poor
regions.11 We further impose some lower bounds on both transfer instruments:

Assumption 3. 𝑇 𝑢
𝑡 and 𝜏𝑡 are subject to lower bounds:

(a) 𝑇 𝑢
𝑡 ≥ 𝑇 , where 𝑇 ≥ 0 is a constant;

(b) 𝜏𝑡 ≥ 𝜏 , where 𝜏 < 0 is a constant and satisfies 𝛽𝑅(0)(1 − 𝜏 ) = 1.

The lower bound of uniform transfer, 𝑇 , captures that some basic locally-provided public goods
are usually partially financed by federal transfers to ensure minimum quality and quantity (e.g.
education and medical care). It is easy to see that 𝑇 and local government’s own revenue 𝑓 are
substitutable: changing (𝑓 ,𝑇 ) to (𝑓 + 𝑇 ,0)would only decrease the equilibrium intergovernmental
transfers by 𝑇 , without altering other elements of the equilibrium allocation. For our theoretical
properties to hold, we only need 𝑇 to be non-negative (that is, 𝑇 𝑢

𝑡 ≥ 𝑇 can be relaxed to 𝑇 𝑢
𝑡 ≥ 0), so

that the central government cannot tax away local governments’ own revenue. In the quantitative
exercise, we calibrate 𝑇 such that the simulated moment for total transfers matches the data.

The assumption 𝜏𝑡 ≥ 𝜏 (where 𝜏 < 0) can be replaced with a stronger and more conventional
assumption 𝜏𝑡 ≥ 0without affecting the rest of the paper. Laterwewill show that the Ramsey optimal
policy entails a zero 𝜏𝑡 at the steady state. With the lower bound at 𝜏 instead of zero, it is clear that
the zero optimal 𝜏 is not a corner solution.

The following assumption states that the vertical fiscal imbalances are too large to be offset by the
the minimum uniform transfer alone when local government debt 𝑏𝑛 = �̄� and central government
debt 𝑑= �̄�.

Assumption 4. (Vertical fiscal imbalances) 𝑓 + 𝑇 is small relative to 𝑒 such that

(1 − 𝜃)𝑢𝑔

(︁
𝑓 + 𝑇

)︁
> 𝜃𝑣𝑐

(︁
𝑒− 𝑓 − 𝑇 − �̄�(1 − 𝛽)

)︁
,

where �̄� satisfies 𝑆(�̄�) = 1/𝛽.

Timing. Figure 2 illustrates the timeline during period 𝑡. Knowing the aggregate states (𝑏𝑛
𝑡 ,𝑑𝑡) de-

termined in period 𝑡− 1 and central revenue 𝑒− 𝑓 , the central government moves first (Stackelberg
leader) to choose its spending 𝑐𝑡, transfer rate 𝜏𝑡, and uniform transfer 𝑇 𝑢

𝑡 . The deficit is financed by
new debt 𝑑𝑡+1 issued at the interest rate 𝑆(𝑑𝑡+1). An unconstrained local government 𝑖 (𝑖 ∈ [0,𝜇])

11We provide a derivation and discussion on the fiscal equalization motive in Online Appendix B.
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with outstanding debt 𝑏𝑛
𝑖,𝑡 receives its own revenue 𝑓 and transfer 𝑇𝑖,𝑡 = 𝜏𝑡𝑏

𝑛
𝑖,𝑡 +𝑇 𝑢

𝑡 , chooses local pub-
lic spending 𝑔𝑛

𝑖,𝑡, and finances its deficit by issuing newdebt 𝑏𝑛
𝑖,𝑡+1 at the interest rate𝑅(𝑏𝑛

𝑖,𝑡+1). A con-
strained local government carries no debt and spends all its revenue onpublic spending 𝑔𝑜

𝑖,𝑡 = 𝑓 +𝑇 𝑢
𝑡 .

Figure 2: Timeline within period

(𝑏𝑛
𝑡 ,𝑑𝑡)

𝑡

Central government

decides transfer policy (𝜏𝑡,𝑇𝑢
𝑡 )

repays 𝑑𝑡, borrows 𝑑𝑡+1/𝑆(𝑑𝑡+1), spends 𝑐𝑡

Local governments

repays 𝑏𝑖,𝑡, gets transfer 𝜏𝑡𝑏𝑖,𝑡 + 𝑇𝑢
𝑡

borrows 𝑏𝑖,𝑡+1/𝑅(𝑏𝑖,𝑡+1), spends 𝑔𝑖,𝑡

(𝑏𝑛
𝑡+1,𝑑𝑡+1)

𝑡+ 1

Note on notation. In our model, all regions of the same type are identical. As such, the many small
local governments collapse into one representative constrained local government and one representa-
tive unconstrained local government. In the rest of the paper, wherever appropriate, we drop the
subscript 𝑖.

2.2 Efficiency benchmark: System with a consolidated government

Beforewemove to the equilibriumwith two layers of government, we first characterize the allocation
under a consolidated government that makes decisions for both central and local governments. The
benevolent consolidated government maximizes the present value of the weighted average utility of
all households. We use this “consolidated government allocation” as the efficiency benchmark.

Definition 1. Given (𝑏𝑛
0 ,𝑑0) and the interest rate schedules, the consolidated government’s problem

consists of choosing a sequence of debt and spending {𝑏𝑛
𝑡+1,𝑑𝑡+1,𝑔𝑛

𝑡 ,𝑔𝑜
𝑡 ,𝑐𝑡}∞

𝑡=0 that solves

max
{𝑏𝑛

𝑡+1,𝑑𝑡+1,𝑔𝑛
𝑡 ,𝑔𝑜

𝑡 ,𝑐𝑡}∞
𝑡=0

∞∑︁
𝑡=0

𝛽𝑡{(1 − 𝜃)[𝜇𝑢(𝑔𝑛
𝑡 ) + (1 − 𝜇)𝑢(𝑔𝑜

𝑡 )] + 𝜃𝑣(𝑐𝑡)}

subject to the consolidated budget constraint

𝑐𝑡 + 𝜇𝑔𝑛
𝑡 + (1 − 𝜇)𝑔𝑜

𝑡 + 𝑑𝑡 + 𝜇𝑏𝑛
𝑡 = 𝑒+

𝑑𝑡+1
𝑆(𝑑𝑡+1)

+ 𝜇
𝑏𝑛

𝑡+1
𝑅(𝑏𝑛

𝑡+1)

and the constrained local governments’ no-borrowing condition, where 𝑔𝑛
𝑡 and 𝑔𝑜

𝑡 are the local spend-
ing of the unconstrained and constrained local governments, respectively.

Here we assume that governments do not internalize the slope of their interest rate schedules,
which means that governments take their interest rates as given. As such, there are no derivatives of
the interest rate functions 𝑅(·) and 𝑆(·) in the optimality conditions below.12 This modeling choice
greatly simplifies notations, without changing the theoretical properties of the Markov equilibrium
that we will discuss later. More importantly, when governments internalize interest rate schedules,
there is a pecuniary externality, which potentially also generates overborrowing (e.g. Kim and Zhang

12More specifically, when a local government does not internalize its interest rate schedule, its marginal interest cost
of higher 𝑏𝑖 is simply 𝑅𝑖 = 𝑅(𝑏𝑖). In comparison, for a local government that internalizes the interest rate schedule, the
marginal cost of higher 𝑏𝑖 is 𝑅𝑖 +

𝜕𝑅𝑖
𝜕𝑏𝑖

𝑏𝑖, where the extra term represents the increased interest cost of 𝑏𝑖.
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2012). We shut down this channel to highlight that overborrowing in our model is not a result of
the pecuniary externality. In Section 4.3.1, we present an extension where governments internalize
the slope of their interest rate schedules as a robustness exercise.

Proposition 1. The consolidated government’s optimal allocation satisfies

(1 − 𝜃)𝑢𝑔(𝑔
𝑛
𝑡 ) = (1 − 𝜃)𝑢𝑔(𝑔

𝑜
𝑡 ) = 𝜃𝑣𝑐(𝑐𝑡) (3)

𝛽
𝑣𝑐(𝑐𝑡+1)

𝑣𝑐(𝑐𝑡)
=

1
𝑆(𝑑𝑡+1)

(4)

𝛽
𝑢𝑔(𝑔𝑛

𝑡+1)

𝑢𝑔(𝑔𝑛
𝑡 )

=
1

𝑅(𝑏𝑛
𝑡+1)

(5)

At the steady state, 𝑏𝑛
𝑡 = �̄� and 𝑑𝑡 = �̄�. Condition (3) indicates that the consolidated government

achieves perfect resource sharing between the central and local levels and there is no cross-region
difference in the quantity of locally-provided public goods. Under log utility, (3) implies that the
central-local government spending ratio 𝑐𝑡/𝑔𝑛

𝑡 = 𝑐𝑡/𝑔𝑜
𝑡 = 𝜃/(1 − 𝜃). It is easy to see that the consol-

idated government allocation is efficient.

2.3 Distortion without a consolidated government

Without a consolidated government, each local or central government makes its own decisions.
Central-to-local transfers distort the unconstrained local governments’ borrowing decisions, as their
higher borrowings today lead to higher transfers tomorrow.

Given the aggregate states (𝑏𝑛
𝑡 ,𝑑𝑡) and individual state 𝑏𝑛

𝑖,𝑡, an unconstrained local government 𝑖
chooses its spending 𝑔𝑛

𝑖,𝑡 and debt 𝑏𝑛
𝑖,𝑡+1 to maximize the welfare of its residents. Its problemwritten

recursively is

𝑊 (𝑏𝑛
𝑖,𝑡;𝑏𝑛

𝑡 ,𝑑𝑡) = max
𝑏𝑛

𝑖,𝑡+1,𝑔𝑛
𝑖,𝑡

(1 − 𝜃)𝑢(𝑔𝑛
𝑖,𝑡) + 𝜃𝑣(𝑐𝑡) + 𝛽𝑊 (𝑏𝑛

𝑖,𝑡+1;𝑏𝑛
𝑡+1,𝑑𝑡+1) (6)

subject to the budget constraint

𝑔𝑛
𝑖,𝑡 + 𝑏𝑛

𝑖,𝑡 ≤ 𝑓 +
𝑏𝑛

𝑖,𝑡+1
𝑅(𝑏𝑛

𝑖,𝑡+1)
+ 𝜏𝑡𝑏

𝑛
𝑖,𝑡 + 𝑇 𝑢

𝑡 (7)

Taking interest rates and the central government’s transfer policies (𝜏𝑡,𝑇 𝑢
𝑡 ) as given, its optimal

choice of 𝑏𝑛
𝑖,𝑡+1 is characterized by the Euler equation,

𝑢𝑔(𝑔
𝑛
𝑖,𝑡) = 𝛽𝑅(𝑏𝑛

𝑖,𝑡+1)(1 − 𝜏𝑡+1⏟ ⏞ 
future transfer rate

)𝑢𝑔(𝑔
𝑛
𝑖,𝑡+1) (8)

Comparing (8) and (5), as long as 𝜏𝑡+1 > 0, the unconstrained governments overborrow relative
to the local debt level chosen by a consolidated government. Given this distortionary effect of 𝜏 , the
central government faces the following trade-off: On the one hand, the transfer through 𝜏 provides
more ex post debt relief to the unconstrained regions, who have higher debt service burdens than the
constrained regions. On the other hand, it lowers local governments’ borrowing cost and induces
overborrowing ex ante. Because of this trade-off, there is a classic time-inconsistency problem. At
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time 𝑡, the central government always wants to promise a low future transfer rate 𝜏𝑡+1 (as well as
𝜏𝑡+2, 𝜏𝑡+3. . . ) to reduce overborrowing. When time 𝑡+ 1 comes, however, the central government
would like to renege the promise of a low 𝜏𝑡+1 andmakemore transfers to the unconstrained regions.

With this time-inconsistency problem, it matters whether the central government can commit
to future policies. We first look at the equilibrium in which the central government does not have
the ability to pre-commit to future policies {𝜏𝑡,𝑇 𝑢

𝑡 ,𝑐𝑡,𝑑𝑡+1}𝑡>𝑡0 at any time 𝑡0. We then compare it
with the equilibrium in which the central government can make commitment about future policies
(the Ramsey solution). We also discuss ways to implement the consolidated government allocation
regardless of commitment.

2.4 Equilibrium without commitment

2.4.1 Equilibrium definition

We define the equilibrium recursively (without time subscripts), using prime to denote next pe-
riod values and dropping the subscript 𝑖 for the local government. Given the beginning-of-period
states of the economy (𝑏𝑛,𝑑), the central government chooses spending 𝑐, debt 𝑑′, transfer rate 𝜏
and uniform transfer 𝑇 𝑢 to maximize the welfare of its residents, subject to the unconstrained local
governments’ Euler equation (8). We follow Klein et al. (2008) to define theMarkov-perfect equilib-
riumwhere policy functions depend differentiably on current states (𝑏𝑛,𝑑) and central government’s
optimal policy is time-consistent.

For convenience, define the following functions of (representative) local and central government
spending, derived from their budget constraints

Unconstrained local: 𝐺𝑛(𝑏𝑛,𝑏𝑛′ ,𝜏 ,𝑇 𝑢) = 𝑓 +
𝑏𝑛′

𝑅(𝑏𝑛′)
− (1 − 𝜏 )𝑏𝑛 + 𝑇 𝑢 (9)

Constrained local: 𝐺𝑜(𝑇 𝑢) = 𝑓 + 𝑇 𝑢 (10)

Central: 𝐶(𝑏𝑛,𝑑,𝑑′,𝜏 ,𝑇 𝑢) = 𝑒− 𝑓 +
𝑑′

𝑆(𝑑′)
− 𝑑− 𝜏𝜇𝑏𝑛 − 𝑇 𝑢 (11)

where as defined before 𝜇 is the measure of unconstrained regions, and 𝜇𝑏𝑛 is the total amount of
local government debt given constrained regions have zero debt.

Definition 2. A Markov-perfect equilibrium consists of a value function 𝑉 , central government’s
policy rules {Φ𝜏 ,Φ𝑇 ,Φ𝑑}, and a policy function Φ𝑏 for the unconstrained local government’s debt,
such that for all aggregate states (𝑏𝑛,𝑑), 𝜏 = Φ𝜏 (𝑏𝑛,𝑑), 𝑇 𝑢 = Φ𝑇 (𝑏𝑛,𝑑), 𝑑′ = Φ𝑑(𝑏𝑛,𝑑) and 𝑏𝑛′

=

Φ𝑏(𝑏𝑛,𝑑) solve

max
𝜏 ,𝑇 𝑢,𝑏𝑛′ ,𝑑′

(1 − 𝜃)
[︁
𝜇𝑢
(︁
𝐺𝑛(𝑏𝑛,𝑏𝑛′ ,𝜏 ,𝑇 𝑢)

)︁
+ (1 − 𝜇)𝑢 (𝐺𝑜(𝑇 𝑢))

]︁
+ 𝜃𝑣 (𝐶(𝑏𝑛,𝑑,𝑑′,𝜏 ,𝑇 𝑢)) + 𝛽𝑉 (𝑏𝑛′ ,𝑑′)

subject to the representative unconstrained region’s Euler equation and a policy constraint,

𝑢𝑔

(︁
𝐺𝑛(𝑏𝑛,𝑏𝑛′ ,𝜏 ,𝑇𝑢)

)︁
= 𝛽𝑅(𝑏𝑛′

)(1 − Φ𝜏 (𝑏𝑛′ ,𝑑′))𝑢𝑔

(︁
𝐺𝑛(𝑏𝑛′ ,Φ𝑏(𝑏𝑛′ ,𝑑′),Φ𝜏 (𝑏𝑛′ ,𝑑′),Φ𝑇 (𝑏𝑛′ ,𝑑′))

)︁
(12)

𝑇𝑢 ≥ 𝑇 (13)
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and the central government’s value function satisfies the functional equation

𝑉 (𝑏𝑛,𝑑) = (1 − 𝜃)
[︁
𝜇𝑢
(︁
𝐺𝑛(𝑏𝑛,Φ𝑏(𝑏𝑛,𝑑),Φ𝜏 (𝑏𝑛,𝑑),Φ𝑇 (𝑏𝑛,𝑑))

)︁
+ (1 − 𝜇)𝑢

(︁
𝐺𝑜(Φ𝑇 (𝑏𝑛,𝑑))

)︁]︁
+𝜃𝑣

(︁
𝐶(𝑏𝑛,𝑑,Φ𝑑(𝑏𝑛,𝑑),Φ𝜏 (𝑏𝑛,𝑑),Φ𝑇 (𝑏𝑛,𝑑))

)︁
+ 𝛽𝑉 (Φ𝑏(𝑏𝑛,𝑑),Φ𝑑(𝑏𝑛,𝑑))

In this equilibrium, the expected transfers tomorrow follow 𝜏 ′ = Φ𝜏 (𝑏𝑛′ ,𝑑′) and 𝑇 𝑢′
= Φ𝑇 (𝑏𝑛′ ,𝑑′).

Because each local government is infinitesimally small, it takes {𝜏 ,𝜏 ′,𝑇 𝑢,𝑇 𝑢′} as givenwhen it chooses
𝑏𝑛′ and 𝑑′. However, when the central government decides 𝜏 and 𝑇 𝑢 today, it understands that its
choices will affect not only 𝑏𝑛′ ,𝑑′, but also 𝜏 ′ and 𝑇 𝑢′ through Φ𝜏 (𝑏𝑛′ ,𝑑′) and Φ𝑇 (𝑏𝑛′ ,𝑑′).

In the equilibrium, policy rules Φ = {Φ𝜏 ,Φ𝑇 ,Φ𝑑,Φ𝑏} solve the central government’s problem
each period, given the expectation that the central government’s choices in the next period and after
will also follow Φ. In other words, if the central government today “announces” that Φ will be im-
plemented tomorrow and thereafter (even though it does not have commitment or credibility), then
when tomorrow comes, it will indeed find Φ optimal. This makes this equilibrium time-consistent.

2.4.2 Equilibrium characterization

The equilibrium can be characterized by conditions (12)–(13) and13

{𝜏} (1 − 𝜃)𝜇𝑢𝑛
𝑔 − 𝜃𝜇𝑣𝑐 = 𝜆𝑢𝑛

𝑔𝑔 (14)

{𝑇𝑢} (1 − 𝜃)[𝜇𝑢𝑛
𝑔 + (1 − 𝜇)𝑢𝑜

𝑔 ] − 𝜃𝑣𝑐 = 𝜆𝑢𝑛
𝑔𝑔 − 𝜁 (15)

{𝑏𝑛′} (1 − 𝜃)𝜇
𝑢𝑛

𝑔

𝑅(𝑏𝑛′)
− 𝛽

[︁
(1 − 𝜃)𝜇𝑢𝑛′

𝑔 (1 − 𝜏 ′) + 𝜃𝑣′
𝑐𝜇𝜏

′
]︁

= 𝜆

[︂
𝑢𝑛

𝑔𝑔

𝑅(𝑏𝑛′)
+ 𝛽𝑅(𝑏𝑛′

)
(︀
1 − 𝜏 ′)︀𝑢𝑛′

𝑔𝑔(1 − 𝜏 ′)

]︂
+ 𝜆Ω𝑏𝑛′ − 𝛽𝜆′𝑢𝑛′

𝑔𝑔(1 − 𝜏 ′) + 𝛽𝜁 ′Φ𝑇 ′
𝑏𝑛 (16)

{𝑑′} 𝜃
𝑣𝑐

𝑆(𝑑′)
− 𝛽𝜃𝑣′

𝑐 = 𝜆Ω𝑑′ + 𝛽𝜁 ′Φ𝑇 ′
𝑑 (17)

where

Ω𝑥′ = 𝛽𝑅(𝑏𝑛′
)Φ𝜏 ′

𝑥 𝑢
𝑛′
𝑔 − 𝛽𝑅(𝑏𝑛′

)
(︀
1 − 𝜏 ′)︀𝑢𝑛′

𝑔𝑔

[︁
𝑏𝑛′

Φ𝜏 ′
𝑥 + Φ𝑇 ′

𝑥 + Φ𝑏′
𝑥 /𝑅(𝑏𝑛′′

)
]︁

, 𝑥 ∈ {𝑏𝑛,𝑑}

and 𝜆 and 𝜁 are the Lagrange multipliers on constraints (12) and (13), respectively. The policy
derivatives such as Φ𝑇 ′

𝑏𝑛 and Φ𝜏 ′
𝑑 capture the effects of today’s choices of 𝑏𝑛′ and 𝑑′ on future policies.

We can obtain some sharper characterizations of the Markov equilibrium at the steady state, given
Assumptions 1-4.

Lemma 1. At the Markov equilibrium steady state, the unconstrained regions have lower public
spending than the constrained regions: 𝑔𝑛 < 𝑔𝑜.

Proof. See Online Appendix D.1.
13Simplified notations, e.g. 𝑢𝑛

𝑔𝑔 for 𝑢𝑔𝑔(𝐺
𝑛), are used to make the optimality conditions more compact. We use prime

to denote future variables, and subscript for partial derivatives, e.g. Φ𝑇 ′

𝑑 denotes 𝜕Φ𝑇 (𝑏𝑛′
,𝑑′)/𝜕𝑑′. Online Appendix C.1

gives the derivation of these optimality conditions.

12



Because the unconstrained regions have larger debt service burdens than the constrained re-
gions, the central government always wants to transfer more to the unconstrained regions than the
constrained ones. This can only be achieved by transferring through 𝜏 . But because 𝜏 encourages the
unconstrained regions to borrowmore, these regions end up with even larger debt service burdens.
As a result, at the steady state, the spending gap between the two types of regions is not eliminated.

Proposition 2. At theMarkov equilibrium steady state, the central government gives theminimum
uniform transfer 𝑇 𝑢 = 𝑇 and sets region-specific transfer 𝜏 > 0.14

Proof. See Online Appendix D.3.

Intuitively, because the central government wants to transfer more to the unconstrained regions,
it will always try to minimize the size of 𝑇 𝑢 and transfer through 𝜏 . The central government un-
derstands that 𝜏 is distortionary as higher 𝜏𝑡 leads to higher 𝑏𝑛

𝑡 . If the central government can make
policy commitment, it would like to pre-commit a low 𝜏𝑡 in period 𝑡− 1. But because the central
government here does not have commitment, it takes 𝑏𝑛

𝑡 as given when it chooses 𝜏𝑡 at time 𝑡, and
hence it does not take into account the ex ante overborrowing effect of 𝜏𝑡 on 𝑏𝑛

𝑡 .

The policy constraint 𝑇 𝑢 ≥ 𝑇 ≥ 0 is important for the equilibrium. Without it, the central gov-
ernment would want to domore cross-region redistribution by using a negative 𝑇 𝑢 (i.e. a lump sum
tax on all regions) to finance a higher 𝜏 , which encourages local governments to borrow more ex
ante, and leads to even higher 𝜏 and lower 𝑇 𝑢. Equilibrium is thus either non-existing or exhibits an
unrealistically high level of local debt.

Proposition 3. (Over-transfer) At the Markov equilibrium steady state, the average marginal util-
ity of regional government spending is smaller than the marginal utility of central government
spending, after adjusting for the utility weight 𝜃:

(1 − 𝜃)
[︁
𝜇𝑢𝑛

𝑔 + (1 − 𝜇)𝑢𝑜
𝑔

]︁
< 𝜃𝑣𝑐 (18)

Proof. Online Appendix D.2 provides the full proof. Here we offer a heuristic explanation for the
proof. From condition (15), because 𝑢𝑛

𝑔𝑔 < 0 and the Lagrange multiplier 𝜁 ≥ 0, it is easy to see that
the essence of proving Proposition 3 is to show that the Lagrange multiplier for the representative
unconstrained region’s Euler equation (12) is positive: 𝜆 > 0. Condition (12) can be replaced with
two inequalities:

𝑢𝑛
𝑔 ≤ 𝛽𝑅′(1 − 𝜏 ′)𝑢𝑛′

𝑔 and (19)

𝑢𝑛
𝑔 ≥ 𝛽𝑅′(1 − 𝜏 ′)𝑢𝑛′

𝑔 (20)

If we can show that only (19) is potentially binding around the steady state while (20) is redundant,
we can come to the conclusion that 𝜆 is positive around the steady state. To see why (20) is redun-

14It can be proved that Propositions 2 and 3 still hold when governments can internalize the slopes of interest rate
schedules, i.e. when the optimality conditions (14)–(17) contain terms such as 𝑅𝑏 and 𝑆𝑑. We report the quantitative
results under this alternate assumption in Section 4.3.1.
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dant, note that in the absence of (12), the central government would always want to choose alloca-
tions such that 𝑢𝑛

𝑔 = 𝛽𝑅′𝑢𝑛′
𝑔 , which is sufficient to ensure (20) holds for any transfer rate 𝜏 ′ > 0.

The central government’s over-transfer result in Proposition 3 is not a direct implication of local
governments’ overborrowing. In the consolidated government benchmark, perfect resource shar-
ing in condition (3) implies that the (𝜃-adjusted) average marginal utility of local governments
(“MULG”) exactly equals the (𝜃-adjusted) marginal utility of the central government (“MUCG”).
That is, the left-hand side of (18) would exactly equal the right-hand side. In the Markov equilib-
rium, because transferring through 𝜏 is distortionary, one may (mistakenly) think that the central
government would under-transfer, to the extent that MULG >MUCG. To the contrary, Proposition 3
states that the central government over-transfers in the Markov equilibrium, to the extent that MULG
<MUCG.

The reason behind the over-transfer result includes two layers. First, in the Markov equilibrium,
the time-𝑡 central government takes the local debt 𝑏𝑛

𝑡 as given, and hence neglects the ex ante over-
borrowing effect of 𝜏𝑡 on 𝑏𝑛

𝑡 . As such, the central government does not have incentives to reduce 𝜏𝑡

relative to the level implied by MULG = MUCG. Second and more importantly, the marginal cost
of increasing 𝑏𝑛

𝑡+1 is (1 − 𝜏𝑡+1)𝑅(𝑏𝑛
𝑡+1) for the unconstrained regions and 𝑅(𝑏𝑛

𝑡+1) for the entire fiscal
federation. This wedge gives the central government an incentive to lower local debt 𝑏𝑛

𝑡+1. At time
𝑡, without the ability to commit to lower future transfer rate 𝜏𝑡+1, the time-𝑡 central government in-
creases 𝜏𝑡 to provide more transfers to the unconstrained regions and reduce their debt-financing
needs 𝑏𝑛

𝑡+1. The higher transfers are financed by lower central government spending (and higher
central government debt), which explains why MULG <MUCG.15

The over-transfer result of Proposition 3 is somewhat unique to our infinite-horizon environ-
ment. In a typical static or two-period model setting, the central government’s lack of commitment
is modeled as the central government moving after local governments or private agents. In the last
period of such models, as the last mover, the central government has no future (local or central)
governments’ actions to take into account. That is, its optimization problem does not have local gov-
ernments’ Euler equation (12) as a constraint. It thus sets the transfer in the last period to achieve
the within-period perfect resource sharing, MULG =MUCG.16 With infinite horizons, however, the
central government takes into account how its choice of (𝜏 ,𝑇 𝑢) affects future (central and local)
governments’ choices. The impact of raising 𝜏 on local government’s future debt choice 𝑏′, which is
captured by the right hand side of (14), drives the over-transfer result.

15Online Appendix C.1.1 provides a more detailed analysis based on the Generalized Euler Equations.
16This can be seen from Equation (14) when 𝜆 = 0. In the literature, similar “equal marginal utilities” results can be

found in many static or two-period settings of a fiscal or monetary union. For example, in Chari and Kehoe (2007), the
central monetary authority can use monetary policy to partially inflate away regions’ nominal debt payment. When the
central monetary authority moves last (i.e. no commitment), it chooses the inflation level such that the marginal output
loss fromhigher inflation equals themarginal benefits from the regions’ lower debt payments. InAkai and Sato (2011) and
Kothenburger (2007), the central government does not provide central public goods directly but derives utility from the
public goods provided by local governments. In the equilibrium without commitment, the central government chooses
transfers such that the marginal utilities from local public goods are equalized across regions.
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2.4.3 Effects of fiscal decentralization

How do fiscal decentralization reforms affect aggregate fiscal performance? In the model, a revenue
decentralization (larger 𝑓) results in lower total government debt, whereas a spending decentral-
ization (higher 1 − 𝜃) leads to higher total government debt. We use numerical examples to help
illustrate the effects of fiscal decentralization on the steady state debt levels. The examples are based
on the calibration in Section 3.

A revenue decentralization increases local governments’ revenue 𝑓 and decreases the central
government’s revenue 𝑒− 𝑓 one-to-one. This narrows the vertical fiscal imbalances. All else equal,
the central government wants to reduce its transfers to local governments. Because the equilibrium
uniform transfer 𝑇 𝑢 is already at the lower bound (Proposition 2), the central government can only
reduce transfers with a lower 𝜏 . The lower 𝜏 in turn reduces the unconstrained regions’ overbor-
rowing. As both 𝜏 and 𝑏𝑛 fall, total transfer 𝜏𝑏+ 𝑇 𝑢 falls more than the drop in central government
revenue. As a result, central government spending 𝑐 increases and debt 𝑑 falls. Total government
debt 𝜇𝑏𝑛 + 𝑑 therefore also falls. Panel (a) of Figure 3 illustrates these changes numerically.

A spending decentralization increases local governments’ share of spending responsibilities
(1 − 𝜃). This widens the vertical fiscal imbalance. All else equal, the central government has greater
incentives to make transfers. Because the central government is not willing to increase its uniform
transfer 𝑇 𝑢 above the lower bound (Proposition 2), it instead raises 𝜏 . The higher 𝜏 increases the
overborrowing incentive and raises the unconstrained regions’ debt 𝑏𝑛, as illustrated in Panel (b)
of Figure 3. The higher 𝑏𝑛 widens the spending gap between the two types of regions and calls for
an even larger 𝜏 to reduce the cross-region spending difference. The central government’s public
spending 𝑐 falls as it has a smaller share of spending responsibilities (lower 𝜃). But the increase in
transfer from larger 𝜏 and 𝑏𝑛 more than offsets the smaller spending, and the central government
increases debt 𝑑 to meet the additional financing needs. As a result, total government debt 𝜇𝑏𝑛 + 𝑑

also rises.

The interaction between central and local debt amplifies fiscal decentralization’s impact on total
debt. Wider vertical imbalances give the central government an incentive to increase the transfer rate
𝜏 , which leads to a higher 𝑏𝑛. Because the central government can borrow, it can afford an even higher
transfer rate through debt financing, which would not be possible if it had to maintain a balanced
budget. The even higher transfer further exacerbates local governments’ overborrowing ex ante. A
new steady state is reached when 𝑏𝑛 and 𝑑 increase to sufficiently high levels, such that the central
government becomes too financially stretched to further increase the transfers.

Remark. Before we end this section, we want to highlight that the only assumption we have
made on the interest rate schedules 𝑆(·) and 𝑅(·) is that they are increasing and convex functions
(Assumption 2). In particular, we do not require that the central government’s interest rate schedule
𝑆(·) is more favorable than local governments’ 𝑅(·). As such, the over-transfer result (Proposition
3) and the impact of fiscal decentralization are not because the central government wants to replace
local debt with cheaper central debt to reduce net interest cost. In fact, if we do not allow the central

15



Figure 3: Numerical illustration of fiscal decentralization in Markov equilibrium
(a) Effects of revenue decentralization

(b) Effects of spending decentralization

Note: Numerical illustration using the calibrated model. Details on calibration are in Section 3. Red star marks the
calibrated 1996 economy. Black line plots how the model steady state changes as 𝑓 or 𝜃 changes.

government to borrow (i.e. 𝑑𝑡 ≡ 0 for any 𝑡), then the propositions in Section 2.4.2 still hold, and a
revenue (spending) decentralization still reduces (increases) local government debt.17

2.5 Equilibrium with commitment (Ramsey)

In the Ramsey problem, the central government chooses the entire sequence of policies and alloca-
tions at time 0, and sticks to the choices at any time 𝑡 ≥ 0. Because of this commitment to future
policies, the Ramsey central government takes into account how time-𝑡 policy affects local govern-
ments’ decisions at time 𝑡− 1 (as well as 𝑡− 2, 𝑡− 3, . . . ). This is the key difference from the Markov
equilibrium. Formally,

Definition 3. Given initial debt positions (𝑏𝑛
0 ,𝑑0), the optimal (Ramsey) policy of a central govern-

ment with commitment consists of a sequence of debt and transfer policies {𝜏𝑡,𝑇 𝑢
𝑡 ,𝑏𝑛

𝑡+1,𝑑𝑡+1}∞
𝑡=0 that

solves

max
∞∑︁

𝑡=0
𝛽𝑡{︀(1 − 𝜃) [𝜇𝑢 (𝐺𝑛(𝑏𝑛

𝑡 ,𝑏𝑛
𝑡+1,𝜏𝑡,𝑇 𝑢

𝑡 )) + (1 − 𝜇)𝑢 (𝐺𝑜(𝑇 𝑢
𝑡 ))] + 𝜃𝑣 (𝐶(𝑏𝑛

𝑡 ,𝑑𝑡,𝑑𝑡+1,𝜏𝑡,𝑇 𝑢
𝑡 ))

}︀
subject to the unconstrained regions’ Euler equation and transfer policy constraint for all time 𝑡≥ 0

𝑢𝑔 (𝐺
𝑛(𝑏𝑛

𝑡 ,𝑏𝑛
𝑡+1,𝜏𝑡,𝑇 𝑢

𝑡 )) = 𝛽𝑅(𝑏𝑛
𝑡+1)(1 − 𝜏𝑡+1)𝑢𝑔 (𝐺

𝑛(𝑏𝑛
𝑡+1,𝑏𝑛

𝑡+2,𝜏𝑡+1,𝑇 𝑢
𝑡+1)) (21)

𝑇 𝑢
𝑡 ≥ 𝑇 (22)

where the budget constraints of the central and local governments are implicit in the spending func-
tions 𝐶, 𝐺𝑛, and 𝐺𝑜 as defined in (9)–(11).

17The only change to the derivations in Section 2.4.2 is that Equation (17), the first-order condition with respect to 𝑑′,
is replaced with 𝑑′ = 0.
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Let 𝛽𝑡𝛾𝑡 and 𝛽𝑡𝜁𝑟
𝑡 be the Lagrange multipliers on the two constraints above respectively. Written

recursively, the first-order conditions of the Ramsey problem are18

{𝜏} (1 − 𝜃)𝜇𝑢𝑛
𝑔 − 𝜃𝜇𝑣𝑐 = 𝛾𝑢𝑛

𝑔𝑔 + 𝛾−𝑅(𝑏𝑛)
[︀
𝑢𝑛

𝑔 /𝑏𝑛 − (1 − 𝜏 )𝑢𝑛
𝑔𝑔

]︀
(23)

{𝑇𝑢} (1 − 𝜃)[𝜇𝑢𝑛
𝑔 + (1 − 𝜇)𝑢𝑜

𝑔 ] − 𝜃𝑣𝑐 = 𝛾𝑢𝑛
𝑔𝑔 − 𝛾−𝑅(𝑏𝑛)(1 − 𝜏 )𝑢𝑛

𝑔𝑔 − 𝜁𝑟 (24)

{𝑏𝑛′} (1 − 𝜃)𝜇
𝑢𝑛

𝑔

𝑅(𝑏𝑛′)
− 𝛽[(1 − 𝜃)𝜇𝑢𝑛′

𝑔 (1 − 𝜏 ′) + 𝜃𝑣′
𝑐𝜇𝜏

′]

= 𝛾

[︂
𝑢𝑛

𝑔𝑔

𝑅(𝑏𝑛′)
+ 𝛽𝑅(𝑏𝑛′

)(1 − 𝜏 ′)𝑢𝑛′
𝑔𝑔(1 − 𝜏 ′)

]︂
− 𝛾−𝑅(𝑏𝑛)(1 − 𝜏 )

𝑢𝑛
𝑔𝑔

𝑅(𝑏𝑛′)
− 𝛽𝛾′𝑢𝑛′

𝑔𝑔(1 − 𝜏 ′) (25)

{𝑑′} 𝜃𝑣𝑐

𝑆(𝑑′)
− 𝛽𝜃𝑣′

𝑐 = 0 (26)

Thedistinctions between theRamsey equilibriumand the equilibriumwithout commitment (Markov)
can be seen, for example, by comparing (14) with (23). Both conditions characterize the direct effect
of increasing 𝜏 . Because the Ramsey central government can pre-commit to future policies, it takes
into account that an increase in 𝜏 raises the unconstrained regions’ borrowing in the previous pe-
riod. This “commitment effect” is captured by the 𝛾− term in (23), where 𝛾− is the shadow value of
loosening the unconstrained local governments’ Euler equation in the previous period. By contrast,
in the Markov equilibrium, the central government does not consider how its choice today affects
local governments’ borrowings in the previous period, and so there is no 𝛾− term in (14).19

This distinction gives rise to the potential time-inconsistency problem of the Ramsey allocation.
At time 0, when the central government chooses the sequence of optimal transfer plan {𝜏𝑡,𝑇 𝑢

𝑡 }∞
𝑡=0, it

understands that the time-𝑡 policy 𝜏𝑡 affects unconstrained local governments’ debt 𝑏𝑛
𝑡 . However, this

𝜏𝑡 may be suboptimal at time 𝑡 after 𝑏𝑛
𝑡 is realized, because the effect of 𝜏𝑡 on 𝑏𝑛

𝑡 is already foregone.
In other words, the policy that is optimal before observing 𝑏𝑛

𝑡 may differ from the optimal plan after
𝑏𝑛

𝑡 is realized.

We show that the Ramsey equilibrium steady state exhibits under-transfer, in contrast to the over-
transfer property in the Markov equilibrium steady state.

Proposition 4. (Under-transfer) At the Ramsey equilibrium steady state, the central government
sets the distortionary transfer rate 𝜏 = 0 and the uniform transfer 𝑇 𝑢 > 𝑇 . Additionally,

(1 − 𝜃)
[︁
𝜇𝑢𝑛

𝑔 + (1 − 𝜇)𝑢𝑜
𝑔

]︁
> 𝜃𝑣𝑐 (27)

Proof. See Online Appendix D.4.20

18Prime indicates future values, and “−” indicates variables of the previous period. Writing these first-order conditions
recursively is more compact and makes for easier comparison with the Markov equilibrium conditions. Online Appendix
C.2 gives the derivation of these conditions.

19Another difference between the Ramsey andMarkov equilibria is that, compared to the Ramsey optimality conditions,
the Markov conditions have additional terms with policy derivatives, e.g. the term Ω𝑏′ that collects policy derivatives.
These policy derivatives reflect that the central government without commitment considers how its policy choices today
affect future central governments’ choices. This is absent in the Ramsey equilibrium because the Ramsey central govern-
ment can directly choose and commit to all future policies.

20When governments internalize the slope of their interest rate schedules, 𝜏 = 0 may not hold, but 𝑇𝑢 >𝑇 and (27) still
hold. We provide more details on this alternative setting in Section 4.3.1.
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Here we give some intuition for the results. The Ramsey central government takes into account
the overborrowing effect of 𝜏 (the term with 𝛾− in condition 23). Proposition 4 shows that this
additional cost is large enough to offset the incentive to use 𝜏 to close the cross-region fiscal gap.
Note that 𝜏 = 0 is not a corner solution as 𝜏 is not bounded below by 0. With 𝜏 = 0, it is then obvious
that the Ramsey central government cannot redistribute between the two types of regions. As long
as there is a cross-region fiscal gap, local public spending in the two regions cannot be equalized
(𝑔𝑛 ̸= 𝑔𝑜), and the Ramsey solution is not efficient. It is worth noting that because the unconstrained
regions overborrow when 𝜏 > 0, using 𝜏 to transfer will only widen the cross-region spending gap,
and the Ramsey central government internalizes that.

Note that (27) establishes that MULG > MUCG. That is, at the steady state, the Ramsey central
government “under-transfers”: its optimal choice of uniform transfer 𝑇 𝑢 is smaller than the level
needed to achieve perfect resource sharing. To see why, note that a marginal increase in 𝑇 𝑢 has
three effects, captured by terms in the condition (24). First and foremost, it shifts resources from
central to local governments (the left-hand side of 24). If this is the only effect from a higher 𝑇 𝑢,
then the optimal 𝑇 𝑢 would achieve perfect resource sharing (MULG=MUCG). Second, a higher 𝑇 𝑢

relaxes the minimum uniform transfer constraint 𝑇 𝑢 ≥ 𝑇 , captured by the 𝜁𝑟 term in (24). This effect
is zero at the steady state (𝜁𝑟 = 0), because with 𝜏 = 0 the vertical fiscal imbalances require a large
𝑇 𝑢 which makes 𝑇 𝑢 ≥ 𝑇 non-binding. Third, given a higher 𝑇 𝑢

𝑡 at time 𝑡, the unconstrained regions
want to smooth spending inter-temporally by increasing 𝑏𝑛

𝑡 and decreasing 𝑏𝑛
𝑡+1. These effects are

captured on the right-hand side of (24) by the terms containing the shadow values 𝛾 and 𝛾− of
relaxing the unconstrained regions’ Euler equation.21 At the steady state, the net effect of higher
𝑇 𝑢 through the changes in local governments’ borrowings is −𝛾𝑢𝑛

𝑔𝑔 + 𝛾𝑅(1 − 𝜏 )𝑢𝑛
𝑔𝑔 and is negative

(i.e. a net social cost) when 𝜏 = 0. Because of this additional social cost of higher 𝑇 𝑢, the central
government sets 𝑇 𝑢 below the efficient level and hence MULG >MUCG.

Corollary 1. The Ramsey steady state local and central government debt levels are the same as in
the consolidated government allocation, 𝑏𝑛 = �̄� and 𝑑= �̄�.

Because (26) is the same as (4), central debt at the Ramsey steady state is the same as under the
consolidated government. It follows from 𝜏 = 0 that (25) is identical to (5) at the steady state, and
so the Ramsey steady state 𝑏𝑛 is also the same as the level under the consolidated government.

Summary of theoretical results. Table 1 summarizes the theoretical results.

2.6 Implement the consolidated government allocation

As illustrated in Table 1, neither the Markov nor the Ramsey equilibrium can achieve the consol-
idated government allocation. In this section, we show that a prudential tax, combined with the

21Online Appendix D.4 shows that even with 𝜏 = 0, the local governments’ Euler equation is not redundant, i.e. 𝛾 > 0
around the steady state. This is because without this constraint, the central government does not take into account the
effect of 𝜏 on local borrowing, and is always willing to choose 𝜏 > 0 to mitigate the horizontal fiscal imbalance. As such,
in the Ramsey equilibrium, the binding part of the Euler equation is 𝑢𝑛

𝑔,𝑡 ≤ 𝛽𝑅𝑡+1(1 − 𝜏𝑡+1)𝑢
𝑛
𝑔,𝑡+1, and so 𝛾 > 0.
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Table 1: Summary of Theoretical Results at Steady State

Consolidated
government

Equilibrium without consolidated government
Non-commitment Commitment

allocation (Markov) (Ramsey)

Transfer policy - 𝑇𝑢 = 𝑇 , 𝜏 > 0 𝑇𝑢 > 𝑇 , 𝜏 = 0

Debt No overborrowing Overborrowing No overborrowing
𝑏𝑛 = �̄�, 𝑑= �̄� 𝑏𝑛 > �̄� 𝑏𝑛 = �̄�, 𝑑= �̄�

Horizontal spending gap None, 𝑔𝑛 = 𝑔𝑜 𝑔𝑛 < 𝑔𝑜 𝑔𝑛 < 𝑔𝑜

Vertical spending gap None Over-transfer Under-transfer
MULG =MUCG MULG <MUCG MULG >MUCG

Note: This table summarizes the theoretical results of Propositions 1–4, Lemma 1, and Corollary 1. MULG (MUCG)
stands for the 𝜃-adjusted averagemarginal utility of local (central) governments: MULG= (1 − 𝜃)[𝜇𝑢𝑛

𝑔 + (1 −𝜇)𝑢𝑜
𝑔 ];

MUCG= 𝜃𝑣𝑐. We assume governments do not internalize the slopes of interest rate schedules.

existing transfer instruments (𝜏𝑡,𝑇 𝑢
𝑡 ), can achieve this efficient allocation. The optimal policy with

this prudential tax is time-consistent, whichmeans that the central government does not have incen-
tives to deviate from it even without commitment to future policies. Intuitively, similar to Bianchi
(2016), the prudential tax offsets the ex ante overborrowing distortion created by 𝜏𝑡, and allows the
central government to use the transfer instruments 𝜏𝑡 and 𝑇 𝑢

𝑡 to exactly offset both the vertical and
horizontal fiscal imbalances.

We endow the central government with an additional instrument: an ex ante tax 𝑡𝑎𝑥𝑡 on local
government borrowing. The tax proceeds are rebated to unconstrained local governments in a lump
sum fashion. Figure 4 illustrates the timeline with the additional instrument.

Figure 4: Timeline with ex ante debt tax

𝑡− 1

Unconstrained local

receives (1 − 𝑡𝑎𝑥𝑡−1)𝑏𝑛
𝑖,𝑡/𝑅𝑖,𝑡

from debt issuance

(𝑏𝑛
𝑡 ,𝑑𝑡)

𝑡

Central government

decides (𝑡𝑎𝑥𝑡,𝜏𝑡,𝑇𝑢
𝑡 )

repays 𝑑𝑡

borrows 𝑑𝑡+1/𝑆𝑡+1

Unconstrained local

gets transfer 𝜏𝑡𝑏
𝑛
𝑖,𝑡 + 𝑇𝑢

𝑡

repays 𝑏𝑛
𝑖,𝑡

receives (1 − 𝑡𝑎𝑥𝑡)𝑏𝑛
𝑖,𝑡+1/𝑅𝑖,𝑡+1

from debt issuance

(𝑏𝑛
𝑡+1,𝑑𝑡+1)

𝑡+ 1

Formally, the unconstrained local governments’ problem is similar as before, except that their
budget constraint (7) becomes

𝑔𝑛
𝑖,𝑡 + 𝑏𝑛

𝑖,𝑡 ≤ 𝑓 +
(1 − 𝑡𝑎𝑥𝑡)𝑏𝑛

𝑖,𝑡+1
𝑅(𝑏𝑛

𝑖,𝑡+1)
+ 𝜏𝑡𝑏

𝑛
𝑖,𝑡 + 𝑇 𝑢

𝑡 + 𝑇𝑛
𝑟𝑒𝑏,𝑡 (28)

The lump-sum rebate 𝑇𝑛
𝑟𝑒𝑏,𝑡 = 𝑡𝑎𝑥𝑡 · 𝑏𝑛

𝑡+1/𝑅(𝑏𝑛
𝑡+1) is equal to the total tax receipt (hence no 𝑖 on 𝑏𝑛

𝑡+1)
equally distributed among unconstrained regions, and is taken as given by local governments. Con-
strained local governments’ revenue and spending are the same as before, as they are not subject to
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the prudential tax or receiving any rebate.

The central government’s Ramsey problem with prudential tax (R2) becomes

max
{𝑐𝑡,𝑔𝑛

𝑡 ,𝑔𝑜
𝑡 ,𝑏𝑛

𝑡+1,𝑑𝑡+1,𝜏𝑡,𝑇 𝑢
𝑡 ,𝑡𝑎𝑥𝑡}∞

𝑡=0

∞∑︁
𝑡=0

𝛽𝑡{(1 − 𝜃)[𝜇𝑢(𝑔𝑛
𝑡 ) + (1 − 𝜇)𝑢(𝑔𝑜

𝑡 )] + 𝜃𝑣(𝑐𝑡)} (R2)

subject to

(1 − 𝑡𝑎𝑥𝑡)𝑢𝑔 (𝑔
𝑛
𝑡 ) = 𝛽𝑅(𝑏𝑛

𝑡+1)(1 − 𝜏𝑡+1)𝑢𝑔 (𝑔
𝑛
𝑡+1) (29)

𝑔𝑛
𝑡 + 𝑏𝑛

𝑡 = 𝑓 +
𝑏𝑛

𝑡+1
𝑅(𝑏𝑛

𝑡+1)
+ 𝜏𝑡𝑏

𝑛
𝑡 + 𝑇 𝑢

𝑡 (30)

𝑔𝑜
𝑡 = 𝑓 + 𝑇 𝑢

𝑡 (31)

𝑐𝑡 + 𝜇𝑔𝑛
𝑡 + (1 − 𝜇)𝑔𝑜

𝑡 + 𝑑𝑡 + 𝜇𝑏𝑛
𝑡 = 𝑒+

𝑑𝑡+1
𝑆(𝑑𝑡+1)

+ 𝜇
𝑏𝑛

𝑡+1
𝑅(𝑏𝑛

𝑡+1)
(32)

and 𝑇 𝑢
𝑡 ≥ 𝑇 . Equations (29)–(31) are the Euler equation and budget constraints of the representative

local governments. Equation (32) is the resource constraint for the entire government sector. Notice
that (30) comes from aggregating the budget constraints of all unconstrained regions (28), and is
identical to the budget constraint without prudential tax because total tax receipt equals total rebate.

Proposition 5. Suppose the central government can implement a debt tax 𝑡𝑎𝑥𝑡 on local debt 𝑏𝑛
𝑡+1 at

time 𝑡, in addition to the transfer instruments 𝜏𝑡 and 𝑇 𝑢
𝑡 . Then the Ramsey optimal policy that solves

(R2) can achieve the consolidated government allocation and is time-consistent.

Proof. We show that the consolidated government allocation satisfies (29)–(32) with appropriately
constructed sequence { ˆ𝑡𝑎𝑥𝑡,𝜏𝑡,𝑇 𝑢

𝑡 }. Given (𝑏𝑛
0 ,𝑑0), the consolidated government allocation, denoted

by {𝑏𝑛*
𝑡 ,𝑑*

𝑡 ,𝑔𝑛*
𝑡 ,𝑔𝑜*

𝑡 ,𝑐*
𝑡 }, automatically satisfies the resource constraint (32). Choose {𝜏𝑡,𝑇 𝑢

𝑡 } such that
the local governments’ budget constraints (30)–(31) are satisfied

𝜏𝑡𝑏
𝑛*
𝑡 + 𝑇 𝑢

𝑡 = 𝑔𝑛*
𝑡 + 𝑏𝑛*

𝑡 − 𝑓 −
𝑏𝑛*

𝑡+1
𝑅(𝑏𝑛*

𝑡+1)

𝑇 𝑢
𝑡 = 𝑔𝑜*

𝑡 − 𝑓

Construct { ˆ𝑡𝑎𝑥𝑡} such that

ˆ𝑡𝑎𝑥𝑡 = 𝜏𝑡+1 (33)

It is then straightforward to verify that Euler equation (29) becomes the same as the consolidated
government’s optimality condition with respect to 𝑏𝑛

𝑡+1 (condition 5). Therefore, the consolidated
government allocation {𝑏𝑛*

𝑡 ,𝑑*
𝑡 ,𝑔𝑛*

𝑡 ,𝑔𝑜*
𝑡 ,𝑐*

𝑡 } and the constructed policy sequence { ˆ𝑡𝑎𝑥𝑡,𝜏𝑡,𝑇 𝑢
𝑡 } to-

gether solve this new Ramsey problem (R2). The time-consistency property follows immediately
from the consolidated government allocation being efficient and hence time-consistent.

3 Calibration to Spain

In this section, we describe the calibration of our model to Spain, which we use for quantitative ap-
plications in the next section. We calibrate the model to data moments in Spain for two reasons.

20



First, Spain went through several well-documented fiscal decentralization reforms, and the decen-
tralization on the revenue and spending sides was asymmetric. This allows us to test and quan-
tify the model predicted relationship between vertical fiscal imbalances and total government debt
accumulation (Section 2.4.3). Second, despite the fiscal decentralization reforms, Spain’s regional
governments had limited freedom in tax revenue collection (e.g. deciding tax rates) but more free-
dom to decide spending. This is consistent with our modeling choices of endogenous government
spending and exogenous pre-transfer revenue.

3.1 Background: Fiscal decentralization in Spain

Fiscal decentralization. Since the creation of 17 financially autonomous regions (the Autonomous
Communities orACs) in 1978, the funding of these regions has been periodically reformed.22 During
the 1980s and 1990s, the country went through several fiscal decentralization reforms to gradually
increase regional governments’ shares of tax revenue and spending responsibilities. On the spend-
ing side, changes in the national versus regional spending responsibilities were mainly driven by
shifts in the provision of health care and education from central to the regions at different points in
time. On the revenue side, some tax revenue items were ceded to regional governments to increase
regional governments’ own revenue. From 1986 onward, the fiscal arrangements between the central
and regional governments were renegotiated about every 5 years.

We treat the regional and sub-regional governments in the data as the local governments in our
model. Panels a and b of Figure 5 show that the local governments’ pre-transfer revenue and spend-
ing as shares of total government revenue and spending both went up after the mid-1980s. Two ob-
servations are worth noting. First, the local governments’ share of total revenue was always smaller
than their share of total spending, indicating the presence of vertical fiscal imbalances. Second, the
paces of revenue and spending decentralization are different. Overall, local governments’ spending
share rose twice as much as revenue share during 1988–2006. The increase in local governments’
spending share was broadly steady during the entire period, while the rise in their revenue share
accelerated after the renegotiation round in 1996.

The different paces of decentralization in revenue and spending have led to changing vertical
fiscal imbalances. For an empirical measure, we follow the literature (see e.g. Eyraud and Lusinyan
2013) to define vertical fiscal imbalance (VFI) as the share of the local governments’ own spending
(including debt interest payment) that is not financed by its own revenue:

VFI= Regional spending−Regional revenue
Regional spending × 100 (34)

Panel 5c shows that the sluggish revenue decentralization frommid-1980s to mid-1990s led to rising
vertical fiscal imbalances. This was reversed post-1996 when revenue decentralization caught up
and resulted in a general trend of falling vertical fiscal imbalances from mid-1990s to mid-2000s.

Eyraud and Lusinyan (2013) among others document a negative correlation between a country’s
22Garcia-Milà and McGuire (2007) provide a thorough review of the fiscal decentralization process in Spain.
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Figure 5: Central and local government finances in Spain, 1986–2007

Note: Dotted vertical lines mark 1988, 1996, and 2006. Dashed red lines extrapolate the linear trend from 1988 to 1996.

vertical fiscal imbalances and aggregate fiscal performance. Similarly, our model predicts a positive
relationship between the vertical fiscal imbalances and total government debt (Section 2.4.3). Con-
sistent with these findings, Panel 5d shows that total government debt in Spain increased during
1988–1996 when the country’s vertical fiscal imbalances were rising, and fell post-1996 when the
vertical fiscal imbalances were falling.23

Figure 6: Relationship between Spain’s regional debt and regional transfer income

Note: Left panel plots the a region’s transfer income from central government (normalized by regional GDP) against its
lagged regional debt-to-GDP ratio for each year. Each circle is a region-year observation. Right panel plots each region’s
average transfer income from central government (normalized by regional GDP) against its average regional debt-to-GDP
ratio during 1994–2006. Each circle represents one region.

23The second period roughly coincided with the housing boom in Spain. Increased transactional tax income likely also
contributed to the falling total government debt during that period. We do not model the housing boom, but by using
local and central government revenue directly from the data, our quantitative exercise captures the revenue effect from the
housing boom. In other words, increased local revenue from the housing boom affects the central-local fiscal arrangement
in the same way as other local revenue: it narrows the vertical fiscal imbalances and reduces local governments’ reliance
on central transfers.
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Regional debt and transfer. The transfer function (2) in our model implies a positive correlation
between a region’s debt stock and its transfer income. Because of this correlation, central govern-
ment’s transfer lowers the local governments’ cost of borrowing and hence leads to overborrowing in
the model. Using regional transfer income data from the Economic Database of the Spanish Public
Sector (BADESPE) and regional debt data from Banco de España, we document such a positive rela-
tionship for Spain. The left panel of Figure 6 plots the (lagged) debt/GDP and gross transfer/GDP
for each of the 15 regions (excluding Navarra and the Basque country) in each year over 1994–2006,
where each circle represents a region-year observation.24 For a clearer cross-region pattern, we plot
the averages of a region’s debt/GDP and gross transfer/GDP over 1994–2006 in the right panel. Both
plots show a clear positive correlation between a region’s debt and its intergovernmental transfer
revenue. This positive correlation in Spain is consistent with the findings of other empirical stud-
ies. For example, Sorribas-Navarro (2011) finds that the positive relationship between a region’s
indebtedness and grants received is statistically significant even after controlling for factors such as
regional income, population, expenditure responsibilities and political alignment.

3.2 Calibration

Wecalibrate the parameters bymatching theMarkov equilibrium steady statemoments to the empir-
ical counterparts in Spain.25 All debt, spending, revenue, and transfer moments are normalized by
trend national GDP. To quantify the impact of decentralization on debt changes, we look at two sepa-
rate episodes: the rising vertical fiscal imbalances and debt during 1988–1996, and the falling imbal-
ances and debt during 1996–2006. Accordingly, we calibrate the model separately to the economies
in 1988, 1996, and 2006.

We introduce two additional parameters tomake themodel more flexible to fit the data. First, we
allow the constrained regions to borrow, subject to a debt limit 𝑏𝑜 ≤ 𝐵𝑜. When 𝐵𝑜 is small enough
(Online Appendix D), which is the case in our calibration, the debt limit always binds and each
constrained region’s debt is 𝐵𝑜 in equilibrium. These regions then borrow at the interest rate 𝑅(𝐵𝑜)

in equilibrium. This modification allows us to better match the constrained regions’ debt levels
observed in the data. Second, to better match the unconstrained regions’ debt level, we introduce an
exogenous parameter 𝜖 that adjusts the distortionary effect of debt-dependent transfer rate 𝜏 . More
details about 𝜖 will be given later. Online Appendix E provides the full quantitative model with
these two additional parameters. The theoretical model presented in the previous section Section 2
is a special case with 𝐵𝑜 = 0 and 𝜖= 0. We emphasize that the introduction of these two additional
parameters only change the quantitative results of the model. All theoretical properties shown in
Section 2 still hold.

24We start the sample in 1994 due to availability of regional debt data. For historical reasons, Navarra and the Basque
country (País Vasco) have a different fiscal regime from the other regions. We follow the literature and exclude them from
cross-region comparisons.

25The model is solved by approximating the equilibrium policy functions as functions of current states. Online Ap-
pendix F provides more details.
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3.2.1 Exogenously set parameters

We set some parameters exogenously using data moments. Table 2 summarizes these externally
calibrated parameters.

Constrained regions’ share (1 − 𝜇) and debt limit (𝐵𝑜). The constrained regions in our model can
be best represented by the regions with low and stable debt levels in the data. We rank all 15 Spanish
regions (excluding Navarra and the Basque country) by their debt level and debt volatility. We use
the 7 regions with the lowest average debt level and volatility to proxy for the constrained regions.26

During 1994–2006, the shares of national GDP and population of these 7 regions were about 20%,
which we use as the value for 1 − 𝜇. The average local public debt of these 7 regions was stable over
time at around 4% of their GDP, which we use for the constrained regions’ debt limit𝐵𝑜. In general,
changing the values of 𝜇 and 𝐵𝑜 does not significantly affect the quantitative results once the other
parameters of the model are also re-calibrated. As a robustness check, in Section 4.3.3, we present
an alternate classification of constrained regions and the corresponding set of 𝜇 and𝐵𝑜, which yield
similar quantitative results.

Time discount (𝛽) and interest rate schedules (𝑅(·),𝑆(·)). The annual time discount rate 𝛽 is set
at 0.95. We use log utility functions. The exogenous interest rate schedules for local (unconstrained
and constrained) and central debt are defined à la Schmitt-Grohe and Uribe (2003):

𝑅(𝑏) = 1/𝛽 + 𝜓𝑏(exp(𝑏− �̄�) − 1)

𝑆(𝑑) = 1/𝛽 + 𝜓𝑑(exp(𝑑− �̄�) − 1)

and satisfy Assumption 2. Grande et al. (2013) estimate that a 1-percentage-point increase in public
debt-to-GDP ratio corresponds to a 3-basis-point increase in interest rates among OECD countries
during 1995–2011. Based on this estimate, we set the elasticity parameter for central debt 𝜓𝑑 = 0.03.
There is no consensus on the interest rate elasticity of local debt, and so in the baseline, we set 𝜓𝑏

equal to 𝜓𝑑. In Section 4.3.2, we use alternative values of 𝜓𝑏 and 𝜓𝑑 for sensitivity analysis.

Revenue (𝑒,𝑓) and transfer (𝑇). Data on government revenue, inter-governmental transfer, and
central and local (regional) government debt come from Eyraud and Lusinyan (2013), and are nor-
malized by trend national GDP. The lower bound 𝑇 on uniform transfer is not directly observable in
the data. Sorribas-Navarro (2011) documents that over 1987–1996, about 85% of central-to-regional
transfers (grants) in Spain were non-discretionary (formula-based), and this ratio fell to 81% dur-
ing 2002–2006. This non-discretionary transfer corresponds to the uniform transfer 𝑇 𝑢 in ourmodel.
Because 𝑇 𝑢 = 𝑇 (Proposition 1), 𝑇 is then calculated as the product of the total central-to-regional
transfer from the data and the share of non-discretionary transfers reported by Sorribas-Navarro
(2011).27

26During 1994–2006, the average regional debt-regional GDP ratio for the constrained regions was 4%, compared to
11.5% for the unconstrained regions. The standard deviation of regional debt-regional GDP ratio during the same period
had an average of 1.1 among the constrained regions, compared to 2.1 for the unconstrained regions.

27In the data, a government’s fiscal balances (flow) do not necessarily match the change in debt (stock). For example,
the central government’s budget equation (in nominal terms) transfer + other non-interest expenditure + interest expense =
revenue + change in debt does not hold in the data. One reason for this statistical discrepancy is that we use gross debt
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Table 2: Externally Calibrated Parameters

Parameters Description Value

𝛽 Time discount factor 0.95
𝜓𝑑 Central interest elasticity 0.03
𝜓𝑏 Local interest elasticity 0.03
𝜇 Unconstrained region’s Pareto weight 0.80
𝐵𝑜 Constrained region’s debt limit 0.04

1988 1996 2006
𝑒 Total government revenue 0.3117 0.3835 0.4041
𝑓 Local government revenue 0.0430 0.0638 0.1327
𝑇 Lower bound on uniform transfer 0.032 0.07 0.0485
Note: Debt limit, revenue, and transfer are normalized by national GDP.

3.2.2 Endogenously determined parameters

Given the exogenously set parameters, we then jointly calibrate the remaining parameters.

Transfer negotiation. In our model, the central government can achieve larger redistribution be-
tween constrained and unconstrained regions by raising 𝜏 . In reality, redistribution may face po-
litical challenges. A region may choose to stay out of a fiscal federation (autarky) if it feels the net
intergovernmental transfers it receives is much lower than other regions. To ensure that all regions
stay in the fiscal federation, the cross-region difference in transfer (or equivalently, the extent of
cross-region redistribution) cannot be too big relative to the region’s cost of being in autarky.28 We
introduce a negotiation term in the transfer function to capture this “participation constraint” in a
reduced-form way. This change will allow us to better match the data moments of local and central
debt, but will not affect the theoretical results presented in Section 2.

In particular, we replace the transfer function (2) with

𝑇𝑖,𝑡 = 𝜏𝑡𝑏𝑖,𝑡 + (1 − 𝜖)𝜏𝑡(�̄�𝑡 − 𝑏𝑖,𝑡)⏟  ⏞  
negotiation term

+𝑇 𝑢
𝑡 (35)

where �̄�𝑡 = 𝜇𝑏𝑛
𝑡 +(1 −𝜇)𝐵𝑜 is the cross-region average debt, and 𝜏𝑡(�̄�𝑡 − 𝑏𝑖,𝑡) is the difference between

the average and region 𝑖’s transfer incomes. Parameter 𝜖 ∈ [0,1] captures the negotiation power of
central versus regions: a region gets 1 − 𝜖 portion of the cross-region transfer difference. When 𝜖
is equal to 1, the central government has all the negotiating power, and the transfer rate 𝜏 is fully
redistributive. Whenever 0< 𝜖 < 1, 𝜏 is only partially redistributive. When 𝜖= 0, transfer has no re-
distributive effect at all. Accordingly, the unconstrained local government’s Euler equation becomes

𝑢𝑛
𝑔 = 𝛽𝑅(𝑏𝑛′

)(1 − 𝜖𝜏 ′)𝑢𝑛′
𝑔

instead of net debt to calculate change in debt, as is customary in the literature, due to the lack of accurate public asset data.
Another source of discrepancy is the valuation effect of debt and assets. We add a residual to balance each government’s
budget in the data, and carry the residual term as an exogenous item to the budget constraint in our calibration and
simulation exercises.

28This “participation constraints” problem is discussed, for example, in Persson and Tabellini (1996), who show that
the threat of secession gives rise to a limit on the extent of regional redistribution. See also Balcells et al. (2015) and Porta
(2015) on Catalonia’s complaints about the uneven inter-governmental transfers in Spain.
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Table 3: Internally Calibrated Parameters

Parameters Target Calibrated Values
1988 1996 2006

�̄� Total local government debt 0.0128 0.0956 0.123
�̄� Central government debt 0.3 0.572 0.32
𝜃 Central-local spending ratio 0.789 0.6355 0.5125
𝜖 Central-to-local transfer 0.014 0.014 0.014
Note: Debt and transfer levels are normalized by national GDP.

Table 4: Targeted and Untargeted Moments

1988 1996 2006
Moments Data Model Data Model Data Model

Targeted Moments
Total local government debt 0.062 0.062 0.130 0.130 0.122 0.122
Central government debt 0.338 0.337 0.615 0.615 0.336 0.336
Central-to-local transfer 0.038 0.039 0.082 0.085 0.059 0.053
Central-local spending ratio 3.63 3.63 1.70 1.70 1.04 1.04

Untargeted Moments
Total local spending 0.060 0.062 0.141 0.146 0.166 0.177
Central spending 0.217 0.224 0.240 0.248 0.173 0.184
Total local interest payment 0.0037 0.0032 0.0085 0.0067 0.0030 0.0061
Central interest payment 0.026 0.017 0.042 0.031 0.014 0.017

Note: All variables except central-local spending ratio are normalized by national GDP.

We let data inform us on the value of 𝜖 by jointly calibrating it with other parameters. In Section
4.3.4, we explore the quantitative effects of 𝜖.

Joint calibration. We have four parameters to be calibrated internally: �̄� and �̄� in the interest rate
schedules, the central government’s share of spending responsibility 𝜃, and the negotiation param-
eter 𝜖 in the transfer function. We jointly calibrate them to match four steady-state moments from
the model: (1) total local government debt, (2) central government debt, (3) central-local spending
ratio, and (4) total central-to-local transfer.

Intuitively, all else equal, a higher �̄� or �̄� raises debt levels; a larger 𝜃 raises the central-local
spending ratio; given 𝑇 , a higher 𝜖 increases the distortion of transfers, raises total transfer, and
leads to higher central and local government debt levels.29 Table 3 reports these internally calibrated
parameters, and Table 4 presents the targeted and untargeted moments. We match the targeted
moments well. In particular, the calibrated model captures three properties in the data: debt levels

29We also tried an alternative calibration strategy where we set 𝜖 = 1 and jointly calibrated the share of unconstrained
regions 𝜇 (instead of taking it directly from data) with the other parameters. 𝜖 = 1 means 𝜏 is fully redistributive and
distortionary, while a smaller 𝜇 means that a smaller share of regions are subject to the distortionary effect of 𝜏 , and so
the aggregate distortion is limited. As such, we can loosely match data moments of total transfer and central debt using
𝜖 = 1 and a very small 𝜇. However, we find that because of the large distortionary effect of 𝜏 when 𝜖 = 1, unconstrained
regions’ debt in the model is implausibly high—about 10 times higher than the level observed in the data.
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increased from 1988 to 1996 and fell from 1996 to 2006; total transfer also increased during the first
period and fell during the second period; and central-local spending ratio fell during both periods.
For the untargetedmoments, themodel also does reasonablywell inmatching government spending
and debt interest payments.

4 Quantitative Applications

This section uses the calibrated model for two applications. First, we quantify the effects of fiscal
decentralization on public debt accumulation, under the calibrated Markov equilibrium where the
central government cannot pre-commit to future transfer policies. Second, we quantitatively com-
pare the Markov equilibrium to the Ramsey equilibrium and the allocation under a consolidated
government. We provide extensions and sensitivity analyses at the end of the section.

4.1 Fiscal Decentralization

As discussed in Section 2.4.3, the model predicts that a revenue decentralization alone narrows ver-
tical fiscal imbalances, lowers transfers and government debt, whereas a spending decentralization
widens vertical fiscal imbalances, raises transfers and government debt. In this section, we perform
quantitative experiments to see howmuch of the changes in government debt in Spain during 1988–
2006 can be attributed to the unbalanced fiscal decentralization reforms. Figure 5 shows that the rise
and fall in total government debt coincide with major changes in the decentralization reforms in
Spain. For this reason, we divide 1988–2006 into two episodes: 1988–1996 characterized by faster
spending than revenue decentralization and rising total government debt, and 1996–2006 with rev-
enue catching up with spending decentralization and falling total government debt.

Table 5 summarizes the results. For the 1988–1996 period, we start with the model economy
calibrated to data moments in 1988, and then change the government revenue and spending re-
sponsibility parameters (𝑒,𝑓 ,𝜃) to their 1996 values to get a “counterfactual 1996” economy. Com-
paring the actual change in debt during 1988–1996 (Column 1 to Column 2) with the counterfactual
change (Column 1 to Column 3) tells us the effects of decentralization on debt. For example, the
total government debt-to-GDP ratio increased from 0.399 to 0.745 in the data, and to 0.547 in the
counterfactual experiment. This indicates that the unbalanced decentralization, in this case, the
faster spending than revenue decentralization, generated 43% of the rise in total government debt
during 1988–1996. Similarly, for the 1996–2006 period, we start with the model economy calibrated
to data moments in 1996, and then change (𝑒,𝑓 ,𝜃) to their 2006 values to obtain the “counterfactual
2006” economy. The comparison between the actual change in debt during 1996–2006 (Column 4 to
Column 5) and the counterfactual change (Column 4 to Column 6) tells us the contribution of fiscal
decentralization to debt changes during the second period.

Overall, the unbalanced revenue and spendingdecentralizations explain 43%of the actual changes
in total government debt from 1988 to 1996 and 20% from 1996 to 2006. The rest are explained by
changes in uniform transfer and interest rate schedule parameters �̄� and �̄�. Decentralization ex-
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Table 5: Counterfactual Experiment
Effects of fiscal decentralization on debt levels

1988–1996 1996–2006
(1) (2) (3) (4) (5) (6)

Moments 1988 1996 Counterfactual
1996 (%)

1996 2006 Counterfactual
2006 (%)

Total local debt 0.062 0.130 0.157 (140%) 0.130 0.122 0.099 (393%)
Central debt 0.337 0.615 0.391 (19%) 0.615 0.336 0.588 (9.5%)
Total government debt 0.399 0.745 0.547 (43%) 0.745 0.458 0.687 (20%)

Note: Total government debt (also known as “general government debt”) is the sum of local and central government debt.
Counterfactual experiments use revenue (𝑒 and 𝑓) and spending responsibility share (𝜃) values from end year, and keep all
other parameters at their starting year values. Numbers in parentheses show the percent of debt changes that is explained
by decentralization. All debt levels are normalized by national GDP.

plains a smaller proportion of the change in debt during 1996–2006 than during 1988–1996. One
possible reason is that there was increased scrutiny over government borrowing during the later
period in order to meet EU regulations, such as the Stability and Growth Pact. That made it harder
for all levels of governments to borrow and could have weakened the effect of soft budget constraint.

For both episodes, fiscal decentralization explains a larger proportion of changes in local debt
and a smaller portion for central debt. In an alternative calibration presented in section 4.3.2, we
use a more elastic local interest rate schedule (𝜓𝑏 > 𝜓𝑑), as motivated by anecdotal evidence. The
more elastic local interest rate increases the cost of local relative to central borrowing. As such, fiscal
decentralization explains larger changes in central government debt than in the baseline.

Debt-neutral (balanced) fiscal decentralization. Spending decentralization alone raises debt, so
how much revenue decentralization is needed to make a decentralization reform debt-neutral? Fig-
ure 7 plots the relationship between revenue and spending decentralization such that the total gov-
ernment debt remains unchanged. For the purpose of illustration, the graph uses 2006 (green cross)
as the base year. Points on the black line represent economies with different decentralization levels
(𝑓/𝑒,1 − 𝜃), but the same total government debt. The upward sloping line indicates that a spend-
ing decentralization requires a proportionate increase in local governments’ share of revenue for the
reform to be debt neutral. Economies above the line (e.g. 1988) have lower government debt than
2006, because their vertical fiscal imbalances are smaller and local governments are less reliant on
transfers compared to the 2006 economy. Economies below the line (e.g. 1996) have larger vertical
fiscal imbalances relative to 2006, and as a result, local governments rely more heavily on transfers
and total government debt levels are higher than the 2006 economy.

This exercise should not be interpreted as an argument against spending decentralization. For
example, the model ignores the potential efficiency gain of spending decentralization due to local
government’s better knowledge about local needs. The emphasis here is that spending decentral-
ization should go hand-in-hand with revenue decentralization to maintain a balance between local
governments’ own revenue and their spending responsibilities. An unbalanced fiscal decentraliza-
tion can increase the reliance of local governments on transfers, which leads to overborrowing and
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Figure 7: Debt-neutral fiscal decentralization

Note: An increase in local share of spending responsibility (1-𝜃) corresponds to a spending decentralization. An increase
in local revenue as share of total revenue (𝑓/𝑒) corresponds to a revenue decentralization. Solid black line plots total debt-
neutral fiscal decentralization from the 2006 economy (green cross). Each point on the line has different (𝑓 ,𝜃) values but
the same steady state total (sum of central and local) government debt as the 2006 economy. All parameters except for 𝜃
and 𝑓 are held at calibrated 2006 values. Blue circle marks the 1988 economy, and red dot marks the 1996 economy.

a deterioration in the aggregate fiscal performance.

4.2 Comparison with Other Fiscal Systems

In this section, we compare the steady state allocations and welfare of three different fiscal systems:
(1) a consolidated government, (2) two layers of governments, where the central government can-
not pre-commit to future policies (Markov equilibrium), and (3) two layers of governments, where
the central government can commit to future policies (Ramsey equilibrium). The comparison in
Table 6 provides a numerical illustration of the theoretical results summarized in Table 1, using the
parameters calibrated to data moments in 1996.

Consistent with the theoretical results, under a consolidated government, the steady state un-
constrained local government debt 𝑏𝑛 equals �̄�, and central debt 𝑑 equals �̄�. The two types of local
governments have the same spending, 𝑔𝑛 = 𝑔𝑜, and the adjusted ratio of local-central marginal util-
ities, (1 − 𝜃)[𝜇𝑢𝑛

𝑔 + (1 − 𝜇)𝑢𝑜
𝑔]/(𝜃𝑣𝑐), is equal to 1, i.e. MULG =MUCG.

In the non-commitment economy (Markov equilibrium), the steady state total government debt
is about 9% of GDP higher than the level under a consolidated government. Consistent with Lemma
1, unconstrained local governments have lower spending, 𝑔𝑛<𝑔𝑜. The adjusted local-centralmarginal
utility ratio is less than 1, i.e. MULG<MUCG, because the central governmentwithout commitment
over-transfers relative to the consolidated government (Proposition 3).

In the commitment (Ramsey) economy, because the central government has commitment to fu-
ture policies, it internalizes the overborrowing incentives from positive 𝜏 and so it sets 𝜏 = 0 at the
steady state. Transfers in this economy are solely made through uniform transfer 𝑇 𝑢 at the steady
state, and MULG >MUCG (Proposition 4). With no overborrowing incentives, both local and cen-
tral debt levels are the same as in the consolidated government allocation (Corollary 1), and the
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Table 6: Comparison of Steady States

Moments Consolidated
government
allocation

Non-
commitment
(Markov)

Commitment
(Ramsey)

Uniform transfer, 𝑇𝑢 – 0.07 0.083
Distortionary transfer – 0.015 0
Total central-local transfer – 0.085 0.083

Unconstrained local debt, 𝑏𝑛 0.0956 0.152 0.0956
Central debt, 𝑑 0.572 0.615 0.572

Cross-region spending gap, 𝑔𝑜-𝑔𝑛 0 0.0058 0.0029
Adjusted local-central marginal 1 0.976 1.00006utility ratio, MULG/MUCG

Consumption equivalent welfare change – -1.37 -0.001relative to consolidated govt allocation (%)

Note: Parameters calibrated to the 1996 economy are used. Transfer, debt, and spending are normal-
ized by national GDP. Consumption equivalent welfare change calculates the percent of local and central
spending that the household is willing to forgo.

cross-region spending gap is smaller than in the Markov equilibrium.

In terms of consumption-equivalent welfare, because of the larger debt and cross-region spend-
ing gap, the Markov economy has 1.37% lower welfare than the economy with a consolidated gov-
ernment. By contrast, because there is no overborrowing in the Ramsey economy, the welfare differ-
ence from the consolidated government allocation is much smaller (0.001%). Furthermore, a 5% ex
ante tax on local government debt, as described in Section 2.6, can help implement the consolidated
government allocation.

4.3 Extension and Robustness

4.3.1 Extension: Internalizing interest rate schedules

In the baseline model, we assume that governments do not internalize the slopes of their interest
rate schedules. The assumption gives us clean theoretical results, and allows us to differentiate from
the literature on the pecuniary externality of decentralized borrowing.

In this section, we relax this assumption by allowing governments to internalize the slopes of
their interest rate schedules, and re-calibrate the model economy. Overall, relative to the baseline
model, the only difference in the theoretical results is that the Ramsey steady state 𝜏 is no longer
zero. All other theoretical results in the Markov equilibrium hold as before.30 Below we briefly
describe the changes to the model and discuss the quantitative results.

Model with extension. When the consolidated government internalizes the slopes of the interest
rate schedules, an extra term with the derivative of the interest rate schedules shows up in the opti-

30The proofs for this extension are similar to the proofs in Online appendix D for the baseline model.
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mality conditions (4)–(5):

𝛽
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=

1
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𝑆(𝑑𝑡+1)2 (36)
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The additional terms show up because the consolidated government internalizes that higher debt
increases themarginal cost of borrowing. As such, optimal debt levelswill be lower in this alternative
setup.

In the economy without a consolidated government, each local government internalizes the in-
terest rate cost of higher borrowing. The representative unconstrained region’s Euler equation also
has an additional term with the derivative of its interest rate schedule

𝑢𝑔(𝑔
𝑛
𝑡 )

[︃
1 −

𝑏𝑛
𝑡+1𝑅𝑏(𝑏

𝑛
𝑡+1)

𝑅(𝑏𝑛
𝑡+1)

]︃
= 𝛽𝑅(𝑏𝑛

𝑡+1)(1 − 𝜏𝑡+1)𝑢𝑔(𝑔
𝑛
𝑡+1) (38)

The central government internalizes the interest rate schedules of both local and central debt, and as
a result, there are additional terms with 𝑆𝑑 or 𝑅𝑏 in the central government’s optimality conditions.

Quantitative results. We re-calibrate the extended model and show that, similar to the baseline
model, (1) there is sizable overborrowing and over-transfer in the Markov equilibrium, and (2)
fiscal decentralization changes debt levels in quantitatively meaningful ways.

Results in Table 7 show that similar to the baseline model, the Markov equilibrium has higher
local and central debt than the consolidated government allocation. Also similar to the baseline, the
Markov government over-transfers (MULG<MUCG) and the Ramsey government under-transfers
(MULG>MUCG). Two things differ qualitatively from the baseline. First, the debt levels under the
consolidated government are lower than (instead of equal to) �̄� and �̄�, because the government
internalizes the interest rate costs of additional borrowing. Second, the Ramsey central government
chooses a positive (instead of 0) 𝜏 , and as a result, local debt is slightly higher than (instead of equal
to) in the consolidated government allocation.

The quantitative effects of fiscal decentralization in the extended model are summarized in On-
lineAppendixG.2. Overall, the results are similarwith the baselinemodel: decentralization explains
36% of the increase in total government debt during 1988–1996 and 11% of the debt decrease during
1996–2006.

4.3.2 Alternative calibration of interest rate elasticities 𝜓𝑏 and 𝜓𝑑

In the baseline calibration, we assume that the elasticities of local and central debt interest rate
schedules are the same: 𝜓𝑏 = 𝜓𝑑 = 0.03. However, it is also plausible that local governments face
a more elastic interest rate schedule than the central government. In an alternative calibration, we
let 𝜓𝑏 = 0.05 and 𝜓𝑑 = 0.01 and re-calibrate the model.31 As 𝜓𝑏 becomes larger (and 𝜓𝑑 becomes
smaller), local (central) debt interest rates becomemore (less) sensitive to changes in local (central)

31Online Appendix G.3 presents re-calibrated parameter values for each year.
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Table 7: Comparison of Steady States
when governments internalize interest rate schedules

Moments Consolidated
government
allocation

Non-
commitment
(Markov)

Commitment
(Ramsey)

Uniform transfer, 𝑇𝑢 – 0.07 0.084
Distortionary transfer – 0.0151 0.0004
Total central-local transfer – 0.0851 0.0844

Unconstrained local debt, 𝑏𝑛 0.1085 0.152 0.1087
Central debt, 𝑑 0.583 0.615 0.583

Cross-region spending gap, 𝑔𝑜-𝑔𝑛 0 0.0052 0.0034
Adjusted local-central marginal 1 0.973 1.00008utility ratio, MULG/MUCG

Consumption equivalent welfare change – -0.85 -0.0035relative to consolidated govt allocation (%)

Note: Assuming governments internalize interest rate schedules. Parameters calibrated to the 1996 econ-
omy are used. Transfer, debt, and spending are normalized by national GDP. Consumption equivalent
welfare change calculates the percent of local and central spending that the household is willing to forgo.

debt. So local (central) debt will be more (less) responsive to fiscal decentralization than in the
baseline calibration.

Table 8 shows that in terms of the changes in central and local debt, this alternative calibra-
tion performs better than the baseline calibration. For example, fiscal decentralization explains 26%
(106%) of the actual change in central (local) debt during 1988–1996, compared with 19% (140%) in
the baseline. Overall, this alternative calibration delivers similar changes in total government debt as
the baseline: decentralization accounts for 42% of total government debt changes during 1988–1996,
and 28% during 1996–2006.

Table 8: Counterfactual Experiment
with alternative local and central debt interest elasticities

1988–1996 1996–2006
(1) (2) (3) (4) (5) (6)

Moments 1988 1996 Counterfactual
1996 (%)

1996 2006 Counterfactual
2006 (%)

Total local debt 0.062 0.130 0.134 (106%) 0.130 0.122 0.113 (221%)
Central debt 0.338 0.615 0.410 (26%) 0.615 0.336 0.551 (23%)
Total government debt 0.400 0.745 0.544 (42%) 0.745 0.458 0.664 (28%)

Note: Using 𝜓𝑏 = 0.05 and 𝜓𝑑 = 0.01. All other model parameters are re-calibrated. Calibration strategy is identical to the
baseline. Total government debt (also known as “general government debt”) is the sum of local and central government
debt. Counterfactual experiments use revenue (𝑒 and 𝑓) and spending responsibility share (𝜃) values from end year, and
keep all other parameters at their starting year values. Numbers in parentheses show the percent of debt changes that is
explained by decentralization. All debt levels are normalized by national GDP.
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4.3.3 Alternative calibration of constrained regions 𝜇 and 𝐵𝑜

In the baseline calibration, we use half of the regions (7 out of 15) with the lowest debt level and
volatility in the data to proxy for the constrained regions in the model. This gives the share of con-
strained regions 1 − 𝜇 = 0.2 and their debt limit 𝐵𝑜 = 0.04. As an alternative calibration, we use 9
out of 15 regions with the lowest and most stable debt levels to proxy for the group of constrained
regions. This yields 1 − 𝜇 = 0.4 and 𝐵𝑜 = 0.046. With this set of (𝜇,𝐵𝑜), we re-calibrate the model.
We find that changing 𝜇 and 𝐵𝑜 has little effect on the results from the counterfactual experiment
once parameters are re-calibrated to match the moments in each year. Online Appendix G.4 reports
the full calibration and results. To summarize, decentralization explains 43% of the increase in total
government debt from 1988 to 1996, and 18% of the decrease in total government debt from 1996 to
2006.

4.3.4 Effect of a larger negotiation parameter 𝜖

The jointly calibrated negotiation parameter 𝜖 has a sizeable impact on the (Markov) equilibrium
debt levels. Figure 8 shows that holding other parameters at their calibrated values, both the central
and total local debt levels increase with 𝜖. This is because as 𝜖 increases, 𝜏 becomes more redistribu-
tive, and so the central government is more willing to increase 𝜏 to subsidize unconstrained regions.
Higher 𝜖𝜏 encourages local governments to borrow more, and the central government also has to
borrow more to help finance the higher total transfers.

Figure 8: Relationship between 𝜖 parameter and debt levels
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Note: All other parameters are kept at calibrated levels in 1996. 𝜖 = 0 corresponds to the efficient allocation under a
consolidated government.

A natural question is how 𝜖 affects the results from the counterfactual experiment. We perform
the counterfactual exercises using a larger 𝜖 value (0.1) than the baseline (0.014), keeping all other
parameters the same as the baseline. The results are reported in Online Appendix G.5. With this
larger 𝜖 value, the counterfactual exercises generate much larger changes in debt than the baseline:
fiscal decentralization explains over 90% of the changes in total government debt during 1988–1996
and 1996–2006. This is because a larger 𝜖 increases the overborrowing effect of 𝜏 , which amplifies
the effect of fiscal decentralization on changes in debt. Note that with the larger 𝜖 value, the model-
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generated debt levels are much higher and not matched to the data.

4.3.5 Counterfactual Experiment Off-Steady State

In the baseline counterfactual exercise, we quantify the effect of fiscal decentralization by comparing
the steady state debt levels under different vertical fiscal arrangements, characterized by 𝑒,𝑓 and 𝜃.
The implicit assumption is that the 1988, 1996, and 2006 economies have reached steady states after
each fiscal decentralization. An alternative approach is to relax the assumption, and measure the
debt changes at a point on the transition path between steady states. But one difficulty with this
alternative is that we do not know the agents’ expected future path of fiscal decentralization, which
in turn affects the impact of fiscal decentralization on the transition path. For example, to quantify
the impact of fiscal decentralization on the debt accumulation during 1988–1996, the expected path
of revenue and expenditure decentralization after 1996 alsomatters. However, it would be difficult to
knowwhether the observed acceleration in revenue decentralization after 1996 was well anticipated
during 1988–1996.

To illustrate that the quantitative results are robust in the alternative approach, we take one possi-
ble scenario for the expected path of fiscal decentralization. We assume that fiscal decentralization—
characterized by changes to 𝑒, 𝑓 , and 𝜃 in our model—took effect right after 1988, and was expected
to stay constant afterward. Specifically, we start from the calibrated 1988 steady state economy, ap-
ply new values of {𝑒,𝑓 ,𝜃,�̄�,�̄�,𝜖} and simulate the model until 1996. Note that the simulated path
does not necessarily reach a steady state by 1996. We calibrate the new values of these parameters
such that the simulated moments in 1996 match the data moments in 1996. To give more details, the
new government revenues {𝑒,𝑓} can be directly taken from their 1996 values. The new spending
responsibility parameter 𝜃 and other parameters {�̄�,�̄�,𝜖} are not directly observed from the data, so
we jointly calibrate them to target the total local government debt, central government debt, central-
local spending ratio, and central-to-local transfer in the simulated 1996 economy. Table A6 reports
the calibrated parameter values and moments.

We then conduct the counterfactual exercise. Calibration in this alternative approach is compli-
cated because it entails calibrating to a point on the simulated transition path. For this reason, we
only simulate until 1996 and do the 1988–1996 counterfactual as an illustration. For this counter-
factual exercise, we keep all the parameters at their 1988 levels except for the fiscal decentralization
changes to 𝑒, 𝑓 , and 𝜃. Table A6 compares the calibrated and counterfactual moments, and Figure A1
plots the simulated path of total debt and compares it to the counterfactual path. Overall, the unbal-
anced fiscal decentralization explains 21% of the increase in total debt during 1988-1996, somewhat
smaller than the results using our baseline calibration.

5 Conclusion

This paper develops a dynamic infinite-horizon model of fiscal federation with vertical fiscal im-
balances. Our model captures the main ingredients of the typical soft budget constraint problem:
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local governments have the autonomy to decide their spending and borrowing; and central-to-local
transfers serve as a “common pool” for local governments. Compared to literature, our main contri-
butions are the expansion of the analysis to infinite horizons and the incorporation of central gov-
ernment debt. From the theoretical perspective, these changes allow us to discuss the interaction
between central government’s policy today and tomorrow, in addition to the interaction between
central and local governments. From the quantitative perspective, these changes allow us to quan-
tify the impact of fiscal decentralization reforms on both local and central government debt. Central
government debt is often omitted in this literature due to the balanced-budget assumption, even
though its change is empirically more relevant than local government debt.

In the model, when the central government cannot pre-commit the amount of future transfers,
local governments have overborrowing incentives because they expect the central government to
transfer more to regions that are more indebted—a common result in the literature. The more novel
result from our infinite-horizon model is that the central government over-transfers to local govern-
ments, to the extent that residents’ marginal utilities from local public consumption is lower than
from central public consumption. We apply the framework to show that, consistent with the empir-
ical patterns documented in the literature, when a fiscal decentralization reform increases vertical
fiscal imbalances, local governments become more reliant on transfers and total government debt
rises. Quantitatively, we find that fiscal decentralization in Spain explains 43% of the increase in
total government debt during 1988–1996 and 20% of the decrease during 1996–2006.

The experience of Spain is not unique. Fiscal decentralization is often unbalanced. Inmany coun-
tries, the decentralization in spending is faster than revenue, for economic or political reasons.32 This
gives rise to large local fiscal gaps to be filled by intergovernmental transfers, which are often associ-
atedwith common pool and soft budget constraint problems. Notable examples include the Bremen
and Saarland’s long-term reliance on transfers following the initial bailout in Germany, and more
recently, the rising local government debt and the debt swap program in China, just to name a few.
The policy lesson we draw here is that, to avoid a deterioration in aggregate fiscal performance, a
country should implement balanced fiscal decentralization, such that any additional spending re-
sponsibilities assigned to the local level come with a sufficient increase in revenue allocated to the
local governments.
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A Transformation of 𝜃

This section provides a derivation of themicro-foundation for separable preference over public goods (Section
2.1). Assume there are infinitely many varieties of public goods, each indexed by 𝜔 ∈ [0,1]. Goods 𝜔 ∈ [0, �̄�)
are provided by the central government. Goods 𝜔 ∈ [�̄�,1] are provided by the local governments.

The household’s preference over the basket of public goods is

𝑈(𝐶) =
𝐶1−𝛾

1 − 𝛾

where 𝛾 > 0 is the household’s risk aversion. The basket of public goods is given by 𝐶 =
[︁∫︀ 1

0 𝑞(𝜔)
𝜎−1

𝜎 𝑑𝜔
]︁ 𝜎

𝜎−1 ,
where 𝜎 > 0 is the elasticity of substitution and 𝑞(𝜔) denotes the public spending on good 𝜔. Let 𝑐 and 𝑔

denote the central and local governments’ total spending on public goods respectively. Because all types of
goods𝜔 ∈ [0,1] have the sameweight in the consumption basket, each central and local governments optimally
chooses to evenly distribute its total spending on each type of goods.

𝐶 =

[︂∫︁ 1

0
𝑞(𝜔)

𝜎−1
𝜎 𝑑𝜔

]︂ 𝜎
𝜎−1

=

[︂∫︁ �̄�

0
𝑞(𝜔)

𝜎−1
𝜎 𝑑𝜔+

∫︁ 1

�̄�
𝑞(𝜔)

𝜎−1
𝜎 𝑑𝜔
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𝜎−1
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𝜎
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𝜎 + (1 − �̄�)

1
𝜎 𝑔

𝜎−1
𝜎

]︁ 𝜎
𝜎−1

Therefore,

𝑈(𝐶) =

[︁
(1 − 𝜃)𝑔1− 1

𝜎 + 𝜃𝑐1− 1
𝜎

]︁𝜎(1−𝛾)
𝜎−1

1 − 𝛾

where 𝜃 = �̄�1/𝜎

�̄�1/𝜎+(1−�̄�)1/𝜎 . In the special case when 𝜎 = 1, we have

𝑈(𝐶) =

[︀
𝑔1−𝜃𝑐𝜃

]︀1−𝛾

1 − 𝛾

If we further assume 𝛾 = 1, then

𝑈(𝐶) = (1 − 𝜃) log(𝑔) + 𝜃 log(𝑐)

which is the preference over public goods used in the model by assuming both 𝑢(·) and 𝑣(·) are log functions.
Moreover, the share of spending responsibilities between central and local governments (captured by �̄�) is
equivalently captured by 𝜃.
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B Remark on Transfer Function (2)

“Fiscal equalization” is a common motive of transfers within a fiscal federation. It is the process of transfer-
ring fiscal resources across jurisdictions with the purpose of reducing inequality in revenue or public goods
provision (Blöchliger and Charbit 2008). In this section, we show that the transfer function (2) used in our
model captures this motive.

In principle, fiscal equalization is used to provide transfers based on “exogenous” characteristics such as
population and potential tax base, such that given the same effort level by the local authority, each region can
provide similar level of public goods and services. But in practice, oftentimes it also motivates transfers based
on “endogenous” characteristics. One example is the bailout transfers from the federal government (“Bund”)
to Bremen and Saarland in Germany. The transfers were initially ordered by court as a one-time bailout.
Subsequently, however, periodic transfers were made to these two regions to help cover their debt servicing
obligations. Such transfers were implemented as part of the third stage (the Bundesergänzungszuweisungen)
of a three-stage equalization system in Germany (Rodden 2003). Because the transfers depended on regions’
debt servicing cost, which is endogenous to the regions’ choices, they potentially generated adverse incentives
for regions’ borrowing decisions. In our model, regions are identical in exogenous characteristics such as
revenue and population. As such, fiscal equalization is based only on regions’ endogenous characteristics
(e.g. debt servicing costs).

Transfers arising from fiscal equalization can take many specific forms. We use two examples to illustrate
how our transfer function (2) nests them.
The first form of fiscal equalizationwe look at is that the central government sets the amount of its transfers
to regions targeting on regions’ spendable fiscal resources, defined as after-transfer revenue subtracting debt
interest payment. This type of fiscal equalization narrows the regional inequality in public goods provision
through reducing the inequality in spendable income. Formally, the amount of transfers that local government
𝑖 receives from the central government can be expressed as

𝑇𝑖,𝑡 = 𝛼𝑡 × (cross-region average local fiscal resources− fiscal resources in Region 𝑖) + 𝑇 0
𝑡 (39)

The central government chooses a uniform transfer 𝑇 0
𝑡 and a transfer rate𝛼𝑡 ∈ [0,1], both ofwhich are common

to all regions. The transfer rate 𝛼𝑡 can be interpreted as the degree of fiscal equalization: a larger 𝛼𝑡 means
the central government prefers more fiscal equalization across regions and transfers more to the regions with
lower local fiscal resources.

To see that our transfer function (2) nests this form of fiscal equalization, recall that in the context of our
model, the average local resources and Region 𝑖’s resources are 𝑓 − 𝑟𝑡𝑏𝑡 and 𝑓 − 𝑟𝑖,𝑡𝑏𝑖,𝑡, where 𝑟𝑡 and 𝑟𝑖,𝑡 are
the net interest rates. They represent the amount of fiscal resources that local governments can freely spend
before any transfers from the central government. Formally, (39) can be expressed as

𝑇𝑖,𝑡 = 𝛼𝑡 × [(𝑓 − 𝑟𝑡𝑏𝑡) − (𝑓 − 𝑟𝑖,𝑡𝑏𝑖,𝑡)] + 𝑇 0
𝑡 (40)

≃ 𝛼𝑡(𝑟𝑏,𝑡𝑏𝑡 + 𝑟𝑡)𝑏𝑖,𝑡 − 𝛼𝑡(𝑟𝑏,𝑡𝑏
2
𝑡 + 𝑟𝑡𝑏𝑡) + 𝑇 0

𝑡 (41)

where 𝑟𝑏,𝑡 = 𝜕𝑟(𝑏𝑡)/𝜕𝑏𝑡, and (41) is the first-order Taylor approximation of (40). It is easy to verify that (41)
is equivalent to transfer function (2) by setting 𝜏𝑡 = 𝛼𝑡(𝑟𝑏,𝑡𝑏𝑡 + 𝑟𝑡) and 𝑇𝑢

𝑡 = 𝑇 0
𝑡 − 𝛼𝑡(𝑟𝑏,𝑡𝑏

2
𝑡 + 𝑟𝑡𝑏𝑡).

The second form of fiscal equalization directly anchors on the gap in local spending, and can be written as

𝑇𝑖,𝑡 = 𝛼𝑡 × (𝑔𝑡 − 𝑔𝑖,𝑡) + 𝑇 0
𝑡 (42)

where 𝑔𝑖,𝑡 is Region 𝑖’s local spending, and 𝑔𝑡 is the cross-region average local spending. Because 𝑏𝑖,𝑡 is the
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only individual state variable, Region 𝑖’s public spending is a function of 𝑏𝑖,𝑡. To the first order approximation,
let 𝑔𝑖,𝑡 = −𝛼𝑔

𝑡 𝑏𝑖,𝑡 + 𝛿𝑡 with 𝛼𝑔
𝑡 > 0. Aggregating over all region 𝑖, the cross-region average local spending is a

function of aggregate local debt 𝑏𝑡, i.e. 𝑔𝑡 = −𝛼𝑔
𝑡 𝑏𝑡 + 𝛿𝑡. Therefore, (42) becomes

𝑇𝑖,𝑡 = 𝛼𝑔
𝑡𝛼𝑡(𝑏𝑖,𝑡 − 𝑏𝑡) + 𝑇 0

𝑡 (43)

It is easy to see that this is essentially equivalent to transfer function (2) by defining 𝜏𝑡 = 𝛼𝑔
𝑡𝛼𝑡 and 𝑇𝑢

𝑡 =

𝑇 0
𝑡 − 𝛼𝑔

𝑡𝛼𝑡𝑏𝑡.
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C Derivations

We present all derivations for the general case where the constrained regions face debt limit 𝑏𝑜
𝑖,𝑡 ≤ 𝐵𝑜, with

𝐵𝑜 ≥ 0 introduced in Section 3.2. Throughout the paper, we assume that 𝛽𝑅(𝐵𝑜)< 1, so that the constraint is
always binding in equilibrium: 𝑏𝑜

𝑡 = 𝐵𝑜. The theoretical model presented in Section 2 is a special case when
𝐵𝑜 = 0.

C.1 Markov optimality conditions and GEEs
This section derives theMarkov optimality conditions (14)–(17) and Generalized Euler Equations (GEEs) for
the general case 𝐵𝑜 ≥ 0. For expositional convenience, denote the unconstrained regions’ Euler equation (12)
by 𝜂(𝑏𝑛,𝑏𝑛′ ,𝑑′,𝜏 ,𝑇𝑢) = 0, and use 𝜂𝑏𝑛 , 𝜂𝑏𝑛′ , 𝜂𝑑′ , 𝜂𝜏 and 𝜂𝑇 to denote partial derivatives.

{𝜏} (1 − 𝜃)[𝜇𝑢𝑛
𝑔𝐺

𝑛
𝜏 + (1 − 𝜇)𝑢𝑜

𝑔𝐺
𝑜
𝜏 ] + 𝜃𝑣𝑐𝐶𝜏 = 𝜆𝜂𝜏 (44)

{𝑇𝑢} (1 − 𝜃)[𝜇𝑢𝑛
𝑔𝐺

𝑛
𝑇 + (1 − 𝜇)𝑢𝑜

𝑔𝐺
𝑜
𝑇 ] + 𝜃𝑣𝑐𝐶𝑇 = 𝜆𝜂𝑇 − 𝜁 (45)

{𝑏𝑛′} (1 − 𝜃)𝜇𝑢𝑛
𝑔𝐺

𝑛
𝑏𝑛′ + 𝛽𝑉 ′

𝑏𝑛 = 𝜆𝜂𝑏𝑛′ (46)

{𝑑′} 𝜃𝑣𝑐𝐶𝑑′ + 𝛽𝑉 ′
𝑑 = 𝜆𝜂𝑑′ (47)

where 𝜁 ≥ 0 is the Lagrange multiplier on the constraint (13). Envelope conditions are

𝑉𝑏𝑛 = (1 − 𝜃){𝜇𝑢𝑛
𝑔

[︁
𝐺𝑛

𝑏𝑛 +𝐺𝑛
𝜏 Φ𝜏

𝑏𝑛 +𝐺𝑛
𝑏𝑛′ Φ𝑏

𝑏𝑛 +𝐺𝑛
𝑇 Φ𝑇

𝑏𝑛

]︁
+ (1 − 𝜇)𝑢𝑜

𝑔 [𝐺
𝑜
𝑏𝑛 +𝐺𝑜

𝜏 Φ𝜏
𝑏𝑛 +𝐺𝑜

𝑇 Φ𝑇
𝑏𝑛 ]}

+𝜃𝑣𝑐

[︁
𝐶𝑏𝑛 +𝐶𝜏 Φ𝜏

𝑏𝑛 +𝐶𝑑′ Φ𝑑
𝑏𝑛 +𝐶𝑇 Φ𝑇

𝑏𝑛

]︁
+ 𝛽

[︁
𝑉 ′

𝑏𝑛 Φ𝑏
𝑏𝑛 + 𝑉 ′

𝑑Φ𝑑
𝑏𝑛

]︁
𝑉𝑑 = (1 − 𝜃){𝜇𝑢𝑛

𝑔

[︁
𝐺𝑛

𝜏 Φ𝜏
𝑑 +𝐺𝑛

𝑏𝑛′ Φ𝑏
𝑑 +𝐺𝑛

𝑇 Φ𝑇
𝑑

]︁
+ (1 − 𝜇)𝑢𝑜

𝑔 [𝐺
𝑜
𝜏 Φ𝜏

𝑑 +𝐺𝑜
𝑇 Φ𝑇

𝑑 ]}

+𝜃𝑣𝑐

[︁
𝐶𝑑 +𝐶𝜏 Φ𝜏

𝑑 +𝐶𝑑′ Φ𝑑
𝑑 +𝐶𝑇 Φ𝑇

𝑑

]︁
+ 𝛽

[︁
𝑉 ′

𝑏𝑛 Φ𝑏
𝑑 + 𝑉 ′

𝑑Φ𝑑
𝑑

]︁
substitute the FOCs into the Envelope conditions,

𝑉𝑏𝑛 = (1 − 𝜃)𝜇𝑢𝑛
𝑔𝐺

𝑛
𝑏𝑛 + (1 − 𝜃)(1 − 𝜇)𝑢𝑜

𝑔𝐺
𝑜
𝑏𝑛 + 𝜃𝑣𝑐𝐶𝑏𝑛 + 𝜆𝜂𝜏 Φ𝜏

𝑏𝑛 + 𝜆𝜂𝑏𝑛′ Φ𝑏
𝑏𝑛 + 𝜆𝜂𝑑′ Φ𝑑

𝑏𝑛 + (𝜆𝜂𝑇 − 𝜁)Φ𝑇
𝑏𝑛

𝑉𝑑 = 𝜃𝑣𝑐𝐶𝑑 + 𝜆𝜂𝜏 Φ𝜏
𝑑 + 𝜆𝜂𝑏𝑛′ Φ𝑏

𝑑 + 𝜆𝜂𝑑′ Φ𝑑
𝑑 + (𝜆𝜂𝑇 − 𝜁)Φ𝑇

𝑑

Differentiate 𝜂 with respect to 𝑏𝑛 and 𝑑,

𝜂𝑏𝑛 + 𝜂𝜏 Φ𝜏
𝑏𝑛 + 𝜂𝑏𝑛′ Φ𝑏

𝑏𝑛 + 𝜂𝑑′ Φ𝑑
𝑏𝑛 + 𝜂𝑇 Φ𝑇

𝑏𝑛 = 0

𝜂𝜏 Φ𝜏
𝑑 + 𝜂𝑏𝑛′ Φ𝑏

𝑑 + 𝜂𝑑′ Φ𝑑
𝑑 + 𝜂𝑇 Φ𝑇

𝑑 = 0

substitute into 𝑉𝑏𝑛 and 𝑉𝑑,

𝑉𝑏𝑛 = (1 − 𝜃)𝜇𝑢𝑛
𝑔𝐺

𝑛
𝑏𝑛 + (1 − 𝜃)(1 − 𝜇)𝑢𝑜

𝑔𝐺
𝑜
𝑏𝑛 + 𝜃𝑣𝑐𝐶𝑏𝑛 − 𝜆𝜂𝑏𝑛 − 𝜁Φ𝑇

𝑏𝑛

𝑉𝑑 = 𝜃𝑣𝑐𝐶𝑑 − 𝜁Φ𝑇
𝑑

substitute into the last two FOCs,

(1 − 𝜃)𝜇𝑢𝑛
𝑔𝐺

𝑛
𝑏𝑛′ + 𝛽

[︁
(1 − 𝜃)𝜇𝑢𝑛′

𝑔 𝐺
𝑛′
𝑏𝑛 + (1 − 𝜃)(1 − 𝜇)𝑢𝑜′

𝑔 𝐺
𝑜′
𝑏𝑛 + 𝜃𝑣′

𝑐𝐶
′
𝑏𝑛

]︁
= 𝜆𝜂𝑏𝑛′ + 𝛽(𝜆′𝜂′

𝑏𝑛 + 𝜁 ′Φ𝑇 ′
𝑏𝑛)(48)

𝜃𝑣𝑐𝐶𝑑′ + 𝛽𝜃𝑣′
𝑐𝐶

′
𝑑 = 𝜆𝜂𝑑′ + 𝛽𝜁 ′Φ𝑇 ′

𝑑 (49)

Expanding the auxiliary functions (and setting 𝐵𝑜 = 0) in (44), (45), (48) and (49), we get the Markov opti-
mality conditions (14)–(17) in Section 2.4.

Next, we combine the optimality conditions to get the GEEs. From Proposition (2), the constraint on 𝑇𝑢
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is binding, so Φ𝑇
𝑏𝑛 = Φ𝑇

𝑑 = 0 and the 𝜁 terms drop out in (48) and (49). From (44),

𝜆=
1
𝜂𝜏

(︀
(1 − 𝜃)[𝜇𝑢𝑛

𝑔𝐺
𝑛
𝜏 + (1 − 𝜇)𝑢𝑜

𝑔𝐺
𝑜
𝜏 ] + 𝜃𝑣𝑐𝐶𝜏

)︀
Substitute the expression for 𝜆 into (48) and (49), we get the two GEEs,

𝜇𝑢𝑛
𝑔𝐺

𝑛
𝑏𝑛′ + 𝛽

[︁
𝜇𝑢𝑛′

𝑔 𝐺𝑛′

𝑏𝑛 + (1 − 𝜇)𝑢𝑜′

𝑔 𝐺
𝑜′

𝑏𝑛 +
𝜃

1 − 𝜃
𝑣′

𝑐𝐶
′
𝑏𝑛

]︁
=

𝜂𝑏𝑛′

𝜂𝜏

[︁
𝜇𝑢𝑛

𝑔𝐺
𝑛
𝜏 + (1 − 𝜇)𝑢𝑜

𝑔𝐺
𝑜
𝜏 +

𝜃

1 − 𝜃
𝑣𝑐𝐶𝜏

]︁
+𝛽

𝜂′
𝑏𝑛

𝜂′
𝜏

[︁
𝜇𝑢𝑛′

𝑔 𝐺𝑛′

𝜏 + (1 − 𝜇)𝑢𝑜′

𝑔 𝐺
𝑜′

𝜏 +
𝜃

1 − 𝜃
𝑣′

𝑐𝐶
′
𝜏

]︁
(50)

𝜃

1 − 𝜃
𝑣𝑐𝐶𝑑′ + 𝛽

𝜃

1 − 𝜃
𝑣′

𝑐𝐶
′
𝑑 =

𝜂𝑑′

𝜂𝜏

[︁
𝜇𝑢𝑛

𝑔𝐺
𝑛
𝜏 + (1 − 𝜇)𝑢𝑜

𝑔𝐺
𝑜
𝜏 +

𝜃

1 − 𝜃
𝑣𝑐𝐶𝜏

]︁
(51)

The auxiliary functions are

𝐺𝑛
𝑏𝑛 = −1 + 𝜏

𝐺𝑛
𝜏 = 𝑏𝑛

𝐺𝑛
𝑇 = 1

𝐺𝑛
𝑏𝑛′ =

1
𝑅(𝑏𝑛′ )

𝐺𝑜
𝑏𝑛 = 0

𝐺𝑜
𝜏 = 𝐵𝑜

𝐺𝑜
𝑇 = 1

𝐶𝑏𝑛 = −𝜇𝜏

𝐶𝜏 = −[𝜇𝑏𝑛 + (1 − 𝜇)𝐵𝑜]

𝐶𝑇 = −1

𝐶𝑑 = −1

𝐶𝑑′ =
1

𝑆(𝑑′)

𝜂𝑏𝑛 = 𝑢𝑛
𝑔𝑔𝐺

𝑛
𝑏𝑛

𝜂𝜏 = 𝑢𝑛
𝑔𝑔𝐺

𝑛
𝜏

𝜂𝑇 = 𝑢𝑛
𝑔𝑔𝐺

𝑛
𝑇

𝜂𝑏𝑛′ = 𝑢𝑛
𝑔𝑔𝐺𝑏𝑛′ + 𝛽𝑅(𝑏𝑛′

)Φ𝜏 ′

𝑏𝑛𝑢𝑛′

𝑔 − 𝛽𝑅(𝑏𝑛′
)
(︀
1 − 𝜏 ′)︀𝑢𝑛′

𝑔𝑔

[︁
𝐺𝑛′

𝑏𝑛 +𝐺𝑛′

𝜏 Φ𝜏 ′

𝑏𝑛 +𝐺𝑛′

𝑇 Φ𝑇 ′

𝑏𝑛 +𝐺𝑛′

𝑏𝑛′ Φ𝑏′

𝑏𝑛

]︁
𝜂𝑑′ = 𝛽𝑅(𝑏𝑛′

)Φ𝜏 ′

𝑑 𝑢
𝑛′

𝑔 − 𝛽𝑅(𝑏𝑛′
)
(︀
1 − 𝜏 ′)︀𝑢𝑛′

𝑔𝑔

[︁
𝐺𝑛′

𝜏 Φ𝜏 ′

𝑑 +𝐺𝑛′

𝑇 Φ𝑇 ′

𝑑 +𝐺𝑛′

𝑏𝑛′ Φ𝑏′

𝑑

]︁
Some expressions are slightly different in the extension of Section 4.3.1, because the governments internalize
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the slopes of their interest rate schedules (captured by highlighted parts):

𝐺𝑛
𝑏𝑛′ =

1
𝑅(𝑏𝑛′ )

− 𝑏𝑛′
𝑅𝑏(𝑏

𝑛′
)

𝑅(𝑏𝑛′ )2

𝐶𝑑′ =
1

𝑆(𝑑′)
−𝑑′𝑆𝑑(𝑑

′)

𝑆(𝑑′)2

𝜂𝜏 = 𝑢𝑛
𝑔𝑔𝐺

𝑛
𝜏

[︃
1 −

𝑏𝑛′
𝑅′

𝑏(𝑏
𝑛′
)

𝑅(𝑏𝑛′ )

]︃

𝜂𝑇 = 𝑢𝑛
𝑔𝑔

[︃
1 −

𝑏𝑛′
𝑅′

𝑏(𝑏
𝑛′
)

𝑅(𝑏𝑛′ )

]︃

𝜂𝑏𝑛′ = 𝑢𝑛
𝑔𝑔𝐺𝑏𝑛′

[︃
1 −

𝑏𝑛′
𝑅′

𝑏(𝑏
𝑛′
)

𝑅(𝑏𝑛′ )

]︃
−𝑢𝑛

𝑔

[︃
𝑅′

𝑏(𝑏
𝑛′
) + 𝑏𝑛′

𝑅′
𝑏𝑏(𝑏

𝑛′
)

𝑅(𝑏𝑛′ )
−
𝑏𝑛′

𝑅′2
𝑏 (𝑏𝑛′

)

𝑅(𝑏𝑛′ )2

]︃
+ . . .

−𝛽𝑅𝑏(𝑏
𝑛′
)
(︀
1 − 𝜏 ′)︀𝑢𝑛′

𝑔 + 𝛽𝑅(𝑏𝑛′
)Φ𝜏 ′

𝑏𝑛𝑢𝑛′

𝑔 − 𝛽𝑅(𝑏𝑛′
)
(︀
1 − 𝜏 ′)︀𝑢𝑛′

𝑔𝑔

[︁
𝐺𝑛′

𝑏𝑛 +𝐺𝑛′

𝜏 Φ𝜏 ′

𝑏𝑛 +𝐺𝑛′

𝑇 Φ𝑇 ′

𝑏𝑛 +𝐺𝑛′

𝑏𝑛′ Φ𝑏′

𝑏𝑛

]︁
The baseline model with no-borrowing limit for the constrained regions corresponds to setting 𝐵𝑜 = 0 in the
above auxiliary functions.

C.1.1 Economic intuition fromMarkov GEEs

The GEEs derived here provide another way to understand the intuition behind Proposition 3. Rewriting
(50):

0 =

(︂
𝜇𝑢𝑛

𝑔 𝑏
𝑛 + (1 − 𝜇)𝑢𝑜

𝑔𝐵
𝑜 − 𝜃

1 − 𝜃
𝑣𝑐[𝜇𝑏

𝑛 + (1 − 𝜇)𝐵𝑜]

)︂
⏟  ⏞  

within-period shift in spending (-)

+

𝜕𝑏𝑛′
/𝜕𝜏 (-)⏞  ⏟  (︂

− 𝜂𝜏

𝜂𝑏𝑛′

)︂[︂
𝜇𝑢𝑛

𝑔
1

𝑅(𝑏𝑛′)
− 𝛽𝜇

(︂
𝑢𝑛′

𝑔 (1 − 𝜏 ′) +
𝜃

1 − 𝜃
𝑣′

𝑐𝜏
′
)︂]︂

⏟  ⏞  
inter-temporal shift in spending via 𝑏𝑛′ (-)

+𝛽

𝜕𝜏 ′/𝜕𝜏 , holding 𝑏𝑛′′ constant (-)⏞  ⏟  (︂
− 𝜂𝜏

𝜂𝑏𝑛′

)︂(︂
−
𝜂′

𝑏𝑛

𝜂′
𝜏

)︂ (︂
𝜇𝑢𝑛′

𝑔 𝑏
𝑛′
+ (1 − 𝜇)𝑢𝑜′

𝑔 𝐵
𝑜 − 𝜃

1 − 𝜃
𝑣′

𝑐[𝜇𝑏
𝑛′
+ (1 − 𝜇)𝐵𝑜]

)︂
⏟  ⏞  

future within-period shift in spending (-)

(52)

This condition characterizes the marginal welfare effects of increasing the transfer rate 𝜏 . The signs in paren-
theses in the GEEs are based on calibrated values of Section 3. Using Implicit Function Theorem, ratios of
𝜂-derivatives have the interpretation of marginal effects holding other variables of the local government’s Eu-
ler equation constant. For example, −𝜂𝜏 /𝜂𝑏𝑛′ gives the effect of changing 𝜏 on 𝑏𝑛′ holding constant 𝑏𝑛 and
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𝑑′.34

The right-hand side of (52) comprises of three marginal welfare effects of increasing the transfer rate 𝜏 .
First, intra-temporally, a higher transfer 𝜏 shifts spending from central to local governments in the current
period. Second, 𝜏 changes 𝑏𝑛′ (by −𝜂𝜏 /𝜂𝑏𝑛′ < 0 amount), which shifts spending inter-temporally. Third, 𝜏
changes 𝜏 ′ through changing 𝑏𝑛′ , which affects within-period spending sharing between central and local
governments in the next period.

The consolidated government achieves perfect resource sharing: 𝑢𝑛
𝑔 = 𝑢𝑜

𝑔 = 𝜃/(1−𝜃)𝑣𝑐 (MULG=MUCG).
This essentially corresponds to the first line of (52). In addition, at the steady state, the third line of (52) also
collapses into the perfect resource sharing condition. This leaves the second line of (52) as themajor difference
between the consolidated government allocation and the non-commitment (Markov) equilibrium. Specifi-
cally, the second line demonstrates that the central government’s marginal value of increasing 𝑏𝑛′ is different
from the marginal value perceived by local governments. To see this, we decompose the inter-temporal effect
of raising 𝑏𝑛′ (second line of 52) into three parts: the marginal benefit from higher local spending today, the
marginal cost of lower local spending tomorrow, and the additional marginal cost to the central government
from larger transfers tomorrow:

𝜇𝑢𝑛
𝑔

1
𝑅(𝑏𝑛′)

− 𝛽𝜇

(︂
𝑢𝑛′

𝑔 (1 − 𝜏 ′) +
𝜃

1 − 𝜃
𝑣′

𝑐𝜏
′
)︂

≡ 𝜇

⎛⎜⎜⎜⎜⎜⎝𝑢𝑛
𝑔

1
𝑅(𝑏𝑛′)⏟  ⏞  

MB today

−𝛽𝑢𝑛′
𝑔 (1 − 𝜏 ′)⏟  ⏞  

MC tomorrow

− 𝜃

1 − 𝜃
𝛽𝑣′

𝑐𝜏
′⏟  ⏞  

additional MC:
larger transfers tomorrow

⎞⎟⎟⎟⎟⎟⎠(54)

The first two terms on the right-hand side of (54) constitute the unconstrained local government’s Euler
equation and capture the local government’s trade-offs of increasing 𝑏𝑛′ . The central government, by contrast,
internalizes an additional cost of increasing 𝑏𝑛′ : it raises the total transfers paid out tomorrow. When 𝜏 ′ = 0, as
in the consolidated government case, (54) coincideswith the unconstrained local government’s Euler equation
and is zero, and so at the steady state (52) implies perfect resource sharing. When 𝜏 ′ > 0, as in the Markov
equilibrium, the distortionary transfer drives a wedge between the central and local governments’ perceived
marginal values of 𝑏𝑛′ : while the local governments think the borrowing cost is cut by 𝜏 ′ > 0, the central
government recognizes that larger borrowing implies larger transfers tomorrow, and the total borrowing cost
paid by the entire fiscal system is still 𝑅(𝑏𝑛′

). Thus the central government wants a lower 𝑏𝑛′ than the level
determined by the unconstrained local government’s inter-temporal condition.

To achieve this, the central government has to use higher distortionary transfers to relax the unconstrained
local government’s budget constraint in the current period and reduce its need to borrow. In the equilibrium,
the transfer level is higher than that implied by thewithin-period term of (52) alone. As a result, the weighted
marginal utility of local spending is too low relative to that of central spending, 𝜇𝑢𝑛

𝑔 +(1 −𝜇)𝑢𝑜
𝑔 <𝜃/(1 − 𝜃)𝑣𝑐.

In other words, compared with the consolidated government allocation, which is the efficient allocation, the
central government over-transfers (Proposition 3).

34Rewriting the other GEE (51):

0 =
(︁
𝜇𝑢𝑛

𝑔 𝑏
𝑛 + (1 − 𝜇)𝑢𝑜

𝑔𝐵
𝑜 − 𝜃

1 − 𝜃
𝑣𝑐[𝜇𝑏

𝑛 + (1 − 𝜇)𝐵𝑜]
)︁

⏟  ⏞  
within-period shift in spending (-)

+

𝜕𝑑′/𝜕𝜏 (-)⏞  ⏟  (︂
− 𝜂𝜏

𝜂𝑑′

)︂ [︂
𝜃

1 − 𝜃
𝑣𝑐

1
𝑆(𝑑′)

− 𝛽
𝜃

1 − 𝜃
𝑣′

𝑐

]︂
⏟  ⏞  

inter-temporal shift in spending via 𝑑′ (-)

(53)

which captures the marginal welfare effects of increasing 𝜏 , through changing 𝑑′ while holding 𝑏𝑛′
constant. For the

purpose here we only need to focus on (52).
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The over-transfer, however, does not reduce local government debt in equilibrium, because of the ex ante
overborrowing effect. When the unconstrained local governments anticipate a larger transfer today, they bor-
row more in the previous period. Because the central government in this time-consistent equilibrium takes
ex ante incentives as forgone, it does not take into account this ex ante effect of larger transfers. The larger
transfer, aimed to lower local debt, ends up raising local debt. In other words, over-transfer exacerbates over-
borrowing.
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C.2 Ramsey optimality conditions
This section derives the Ramsey optimality conditions for the general case 𝐵𝑜 ≥ 0. Denote the unconstrained
local government’s Euler equation at time 𝑡 by �̃�(𝑏𝑛

𝑡 ,𝑏𝑛
𝑡+1,𝜏𝑡,𝑇𝑢

𝑡 ,𝑏𝑛
𝑡+2,𝜏𝑡+1,𝑇𝑢

𝑡+1) = 0 with the Lagrange multi-
plier 𝛽𝑡𝛾𝑡. Let 𝛽𝑡𝜁𝑟

𝑡 be the Lagrange multiplier on the constraint 𝑇𝑢
𝑡 ≥ 𝑇 . The time-𝑡 optimality conditions for

𝑡 > 0 are:

{𝜏𝑡} 𝛽𝑡(1 − 𝜃)
[︀
𝜇𝑢𝑛

𝑔,𝑡𝐺
𝑛
𝜏 ,𝑡 + (1 − 𝜇)𝑢𝑜

𝑔,𝑡𝐺
𝑜
𝜏 ,𝑡
]︀
+ 𝛽𝑡𝜃𝑣𝑐,𝑡𝐶𝜏 ,𝑡 = 𝛽𝑡𝛾𝑡�̃�𝜏 ,𝑡 + 𝛽𝑡−1𝛾𝑡−1�̃�𝜏 ′,𝑡−1

{𝑇𝑢
𝑡 } 𝛽𝑡(1 − 𝜃)

[︀
𝜇𝑢𝑛

𝑔,𝑡𝐺
𝑛
𝑇 ,𝑡 + (1 − 𝜇)𝑢𝑜

𝑔,𝑡𝐺
𝑜
𝑇 ,𝑡
]︀
+ 𝛽𝑡𝜃𝑣𝑐,𝑡𝐶𝑇 ,𝑡 = 𝛽𝑡𝛾𝑡�̃�𝑇 ,𝑡 + 𝛽𝑡−1𝛾𝑡−1�̃�𝑇 ′,𝑡−1 − 𝛽𝑡𝜁𝑟

𝑡

{𝑏𝑛
𝑡+1} 𝛽𝑡(1 − 𝜃)𝜇𝑢𝑛

𝑔,𝑡𝐺
𝑛
𝑏𝑛′ ,𝑡 + 𝛽𝑡+1[(1 − 𝜃)𝜇𝑢𝑛

𝑔,𝑡+1𝐺
𝑛
𝑏𝑛,𝑡+1 + 𝜃𝑣𝑐,𝑡+1𝐶𝑏𝑛,𝑡+1]

= 𝛽𝑡𝛾𝑡�̃�𝑏𝑛′ ,𝑡 + 𝛽𝑡+1𝛾𝑡+1�̃�𝑏𝑛,𝑡+1 + 𝛽𝑡−1𝛾𝑡−1�̃�𝑏𝑛′′ ,𝑡−1

{𝑑𝑡+1} 𝛽𝑡𝜃𝑣𝑐,𝑡𝐶𝑑′,𝑡 + 𝛽𝑡+1𝜃𝑣𝑐,𝑡+1𝐶𝑑,𝑡+1 = 0

Expressing the auxiliary functions and writing the above conditions recursively (and setting 𝐵𝑜 = 0), we get
conditions (23)–(26) in Section 2.5.

The auxiliary functions are

𝐺𝑛
𝑏𝑛,𝑡 = −1 + 𝜏𝑡

𝐺𝑛
𝜏 ,𝑡 = 𝑏𝑛

𝑡

𝐺𝑛
𝑇 ,𝑡 = 1

𝐺𝑛
𝑏𝑛′ ,𝑡 =

1
𝑅(𝑏𝑛

𝑡+1)
−
𝑏𝑛

𝑡+1𝑅𝑏(𝑏
𝑛
𝑡+1)

𝑅(𝑏𝑛
𝑡+1)

2

𝐺𝑜
𝜏 ,𝑡 = 𝐵𝑜

𝐺𝑜
𝑇 ,𝑡 = 1

𝐶𝑏𝑛,𝑡 = −𝜇𝜏𝑡

𝐶𝜏 ,𝑡 = −[𝜇𝑏𝑛
𝑡 + (1 − 𝜇)𝐵𝑜]

𝐶𝑇 ,𝑡 = −1

𝐶𝑑,𝑡 = −1

𝐶𝑑′,𝑡 =
1

𝑆(𝑑𝑡+1)

𝑑𝑡+1𝑆𝑑(𝑑𝑡+1)

𝑆(𝑑𝑡+1)2

𝜂𝑏𝑛,𝑡 = 𝑢𝑛
𝑔𝑔,𝑡𝐺

𝑛
𝑏𝑛,𝑡

𝜂𝑏′,𝑡 = 𝑢𝑛
𝑔𝑔,𝑡𝐺

𝑛
𝑏𝑛′ ,𝑡

[︃
1 −

𝑏𝑛′
𝑅′

𝑏(𝑏
𝑛′
)

𝑅(𝑏𝑛′ )

]︃
−𝑢𝑛

𝑔

[︃
𝑅′

𝑏(𝑏
𝑛′
) + 𝑏𝑛′

𝑅′
𝑏𝑏(𝑏

𝑛′
)

𝑅(𝑏𝑛′ )
−
𝑏𝑛′

𝑅′2
𝑏 (𝑏𝑛′

)

𝑅(𝑏𝑛′ )2

]︃
+ . . .

−𝛽𝑅𝑏(𝑏
𝑛
𝑡+1) (1 − 𝜏𝑡+1)𝑢

𝑛
𝑔,𝑡+1 − 𝛽𝑅(𝑏𝑛

𝑡+1) (1 − 𝜏𝑡+1)𝑢
𝑛
𝑔𝑔,𝑡+1𝐺

𝑛
𝑏𝑛,𝑡+1

𝜂𝑏′′,𝑡 = −𝛽𝑅(𝑏𝑛
𝑡+1) (1 − 𝜏𝑡+1)𝑢

𝑛
𝑔𝑔,𝑡+1𝐺

𝑛
𝑏𝑛′ ,𝑡+1

𝜂𝜏 ,𝑡 = 𝑢𝑛
𝑔𝑔,𝑡𝐺

𝑛
𝜏 ,𝑡

𝜂𝜏 ′,𝑡 = 𝛽𝑅(𝑏𝑛
𝑡+1)𝑢

𝑛
𝑔,𝑡+1 − 𝛽𝑅(𝑏𝑛

𝑡+1) (1 − 𝜏𝑡+1)𝑢
𝑛
𝑔𝑔,𝑡+1𝐺

𝑛
𝜏 ,𝑡+1

𝜂𝑇 ,𝑡 = 𝑢𝑛
𝑔𝑔,𝑡𝐺

𝑛
𝑇 ,𝑡

𝜂𝑇 ′,𝑡 = −𝛽𝑅(𝑏𝑛
𝑡+1) (1 − 𝜏𝑡+1)𝑢

𝑛
𝑔𝑔,𝑡+1𝐺

𝑛
𝑇 ,𝑡+1

where the highlighted parts are additional terms for the case when local and central governments internalize
their interest rate schedules (Section 4.3.1). The baseline model with no-borrowing limit for the constrained
regions corresponds to setting 𝐵𝑜 = 0 in the above auxiliary functions.
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D Proofs

We present all proofs for the general case where the constrained regions face debt limit 𝑏𝑜
𝑖,𝑡 ≤𝐵𝑜, with 𝐵𝑜 ≥ 0

introduced in Section 3.2. Throughout the paper, we assume that 𝛽𝑅(𝐵𝑜)< 1, so that the constraint is always
binding in equilibrium: 𝑏𝑜

𝑡 = 𝐵𝑜. The theoretical model presented in Section 2 is a special case when 𝐵𝑜 = 0.

Preamble
The general case requires an additional assumption on 𝐵𝑜:

Assumption 5. 𝐵𝑜 is small enough such that 𝛽𝑅(𝐵𝑜)(1 − 𝜏 )< 1, where 𝜏 is a small negative number and the
lower bound on 𝜏 .

This assumption ensures that 𝑏𝑜
𝑖,𝑡 ≤ 𝐵𝑜 binds and constrained local governments’ debt is 𝑏𝑜

𝑖,𝑡 = 𝐵𝑜 in equilib-
rium. In addition, Assumption 4 is restated for the general case as

Assumption 6. (Vertical fiscal imbalance with 𝐵𝑜) 𝑓 + 𝑇 is small relative to 𝑒 such that

(1 − 𝜃)𝑢𝑔

(︀
𝑓 + 𝑇 −𝐵𝑜[1 − 1/𝑅(𝐵𝑜)]

)︀
> 𝜃𝑣𝑐

(︀
𝑒− 𝑓 − 𝑇 − �̄�(1 − 𝛽)

)︀
,

where �̄� satisfy 𝑆(�̄�) = 1/𝛽.

When 𝐵𝑜 = 0, this modified assumption becomes Assumption 4.
The optimality conditions of the Markov equilibrium in the general case become

{𝜏} (1 − 𝜃)[𝜇𝑢𝑛
𝑔 𝑏

𝑛 + (1 − 𝜇)𝑢𝑜
𝑔𝐵

𝑜] − 𝜃𝑣𝑐[𝜇𝑏
𝑛 + (1 − 𝜇)𝐵𝑜] = 𝜆𝑢𝑛

𝑔𝑔𝑏
𝑛 (55)

{𝑇𝑢} (1 − 𝜃)[𝜇𝑢𝑛
𝑔 + (1 − 𝜇)𝑢𝑜

𝑔 ] − 𝜃𝑣𝑐 = 𝜆𝑢𝑛
𝑔𝑔 − 𝜁 (56)

{𝑏𝑛′} (1 − 𝜃)𝜇𝑢𝑛
𝑔 /𝑅(𝑏𝑛′

) − 𝛽
[︁
(1 − 𝜃)𝜇𝑢𝑛′

𝑔 (1 − 𝜏 ′) + 𝜃𝑣′
𝑐𝜇𝜏

′
]︁

= 𝜆
[︁
𝑢𝑛

𝑔𝑔/𝑅(𝑏𝑛′
) + 𝛽𝑅(𝑏𝑛′

)
(︀
1 − 𝜏 ′)︀𝑢𝑛′

𝑔𝑔(1 − 𝜏 ′)
]︁
+ 𝜆Ω𝑏𝑛′ − 𝛽𝜆′𝑢𝑛′

𝑔𝑔(1 − 𝜏 ′) + 𝛽𝜁 ′Φ𝑇 ′
𝑏𝑛 (57)

{𝑑′} 𝜃𝑣𝑐/𝑆(𝑑′) − 𝛽𝜃𝑣′
𝑐 = 𝜆Ω𝑑′ + 𝛽𝜁 ′Φ𝑇 ′

𝑑 (58)

where

Ω𝑥′ = 𝛽𝑅(𝑏𝑛′
)Φ𝜏 ′

𝑥 𝑢
𝑛′
𝑔 − 𝛽𝑅(𝑏𝑛′

)
(︀
1 − 𝜏 ′)︀𝑢𝑛′

𝑔𝑔

[︁
𝑏𝑛′

Φ𝜏 ′
𝑥 + Φ𝑇 ′

𝑥 + Φ𝑏′
𝑥 /𝑅(𝑏𝑛′′

)
]︁

, 𝑥= {𝑏𝑛,𝑑}

Setting 𝐵𝑜 = 0 reduces the conditions to (14)–(17) of Section 2.4.

D.1 Proof of Lemma 1 (Cross-region spending gap in Markov)
At the steady state, the unconstrained local government’s Euler equation (8) implies 𝛽𝑅(𝑏𝑛

𝑠𝑠)(1 − 𝜏𝑠𝑠) = 1.
Given the assumptions that 𝛽𝑅(𝐵𝑜)(1 − 𝜏 )< 1 (Assumption 5), 𝜏 ≥ 𝜏 and 𝑅(·) is an increasing function, it is
easy to see that

𝑏𝑛
𝑠𝑠 >𝐵𝑜.

and for the special case 𝐵𝑜 = 0, this implies 𝑏𝑛
𝑠𝑠 > 0.
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It follows then at the steady state,

𝑔𝑜
𝑠𝑠 = 𝑓 +

𝐵𝑜

𝑅(𝐵𝑜)
− (1 − 𝜏𝑠𝑠)𝐵

𝑜 + 𝑇𝑢
𝑠𝑠

= 𝑓 +

(︂
1

𝑅(𝐵𝑜)
− 1 + 𝜏𝑠𝑠

)︂
𝐵𝑜 + 𝑇𝑢

𝑠𝑠

≥ 𝑓 +

(︂
1

𝑅(𝑏𝑛
𝑠𝑠)

− 1 + 𝜏𝑠𝑠

)︂
𝐵𝑜 + 𝑇𝑢

𝑠𝑠

> 𝑓 +

(︂
1

𝑅(𝑏𝑛
𝑠𝑠)

− 1 + 𝜏𝑠𝑠

)︂
𝑏𝑛

𝑠𝑠 + 𝑇𝑢
𝑠𝑠

= 𝑔𝑛
𝑠𝑠

where the first inequality follows from 𝑏𝑛
𝑠𝑠 >𝐵𝑜 ≥ 0, and the second inequality follows from

1
𝑅(𝑏𝑛

𝑠𝑠)
− 1 + 𝜏𝑠𝑠 = (𝛽 − 1)(1 − 𝜏𝑠𝑠) < 0

which makes use of the unconstrained local government’s Euler equation (8) at the steady state.

D.2 Proof of Proposition 3 (Over-transfer in Markov)
The optimality condition (56):

(1 − 𝜃)
[︀
𝜇𝑢𝑛

𝑔 + (1 − 𝜇)𝑢𝑜
𝑔

]︀
− 𝜃𝑣𝑐 = 𝜆𝑢𝑛

𝑔𝑔 − 𝜁

From the Kuhn Tucker Theorem, the multiplier 𝜁 ≥ 0. Thus the following lemma is sufficient to prove Propo-
sition 3.

Lemma 2. The Lagrange multiplier 𝜆 > 0 at the steady state.

Proof. The proof will be organized as follows: we first construct an alternate central government’s problem
where the implementability constraint (12) is relaxed to an inequality (so that the associated Lagrange mul-
tipliers are non-negative). Next, we show that the solution to the alternate problem, with non-negative La-
grange multipliers, also solves the original problem around the steady state. Finally, we show that the La-
grange multipliers must be strictly positive.

(1) First, we set up the alternate problem:
The alternate central government’s problem. The alternate central government’s problem is similar
to the original central government’s problem defined in Section 2.4, except that the implementability
constraint is an inequality.

max
𝜏 ,𝑇 𝑢,𝑏𝑛′ ,𝑑′

(1 − 𝜃)
[︁
𝜇𝑢
(︁
𝐺𝑛(𝑏𝑛,𝑏𝑛′ ,𝜏 ,𝑇𝑢)

)︁
+ (1 − 𝜇)𝑢 (𝐺𝑜(𝜏 ,𝑇𝑢))

]︁
+ 𝜃𝑣

(︀
𝐶(𝑏𝑛,𝑑,𝑑′,𝜏 ,𝑇𝑢)

)︀
+ 𝛽𝑉 (𝑏𝑛′ ,𝑑′)

subject to,

𝑢𝑔

(︁
𝐺𝑛(𝑏𝑛,𝑏𝑛′ ,𝜏 ,𝑇𝑢)

)︁
≤ 𝛽𝑅(𝑏𝑛′

)(1 − Φ𝜏 (𝑏𝑛′ ,𝑑′))𝑢𝑔

(︁
𝐺𝑛(𝑏𝑛′ ,Φ𝑏(𝑏𝑛′ ,𝑑′),Φ𝜏 (𝑏𝑛′ ,𝑑′),Φ𝑇 (𝑏𝑛′ ,𝑑′))

)︁
(59)

𝑇𝑢 ≥ 𝑇

and the central government’s value function satisfies the functional equation

𝑉 (𝑏𝑛,𝑑) = (1 − 𝜃)
[︁
𝜇𝑢
(︁
𝐺𝑛(𝑏𝑛,Φ𝑏(𝑏𝑛,𝑑),Φ𝜏 (𝑏𝑛,𝑑),Φ𝑇 (𝑏𝑛,𝑑))

)︁
+ (1 − 𝜇)𝑢

(︁
𝐺𝑜(Φ𝜏 (𝑏𝑛,𝑑),Φ𝑇 (𝑏𝑛,𝑑))

)︁]︁
+𝜃𝑣

(︁
𝐶(𝑏𝑛,𝑑,Φ𝑑(𝑏𝑛,𝑑),Φ𝜏 (𝑏𝑛,𝑑),Φ𝑇 (𝑏𝑛,𝑑))

)︁
+ 𝛽𝑉 (Φ𝑏(𝑏𝑛,𝑑),Φ𝑑(𝑏𝑛,𝑑))
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Denote the Lagrangemultiplier of constraint (59) by �̃�. The optimality conditions of the alternative prob-
lem include conditions (55)-(58) (after replacing 𝜆 with �̃�) and the complementary slackness condition
from the Kuhn-Tucker Theorem,

�̃�≥ 0 and �̃�[𝛽𝑅′(1 − 𝜏 ′)𝑢𝑛′
𝑔 − 𝑢𝑛

𝑔 ] = 0 (60)

(2) Next, we show that around the steady state, the solution to the alternate problem also satisfies the con-
straint (59) with equality (or equivalently, constraint (12) of the original problem), so that the solution
to the alternate problem also solves the original problem.

We prove it by contradiction. Suppose for contradiction that there is a solution to the alternate problem
such that the constraint (59) is not binding:

𝑢𝑛
𝑔 < 𝛽𝑅′(1 − 𝜏 ′)𝑢𝑛′

𝑔 (61)

Then from (60), we have �̃� = 0. Plug it into the first order conditions of the alternate problem (still
conditions 55-58), we have

(1 − 𝜃)
[︀
𝜇𝑢𝑛

𝑔 𝑏
𝑛 + (1 − 𝜇)𝑢𝑜

𝑔𝐵
𝑜
]︀

− 𝜃𝑣𝑐 [𝜇𝑏
𝑛 + (1 − 𝜇)𝐵𝑜] = 0 (62)

(1 − 𝜃)
[︀
𝜇𝑢𝑛

𝑔 + (1 − 𝜇)𝑢𝑜
𝑔

]︀
− 𝜃𝑣𝑐 = −𝜁 (63)

(1 − 𝜃)𝜇𝑢𝑛
𝑔

1
𝑅(𝑏𝑛′)

− 𝛽(1 − 𝜃)𝜇𝑢𝑛′
𝑔 (1 − 𝜏 ′) − 𝛽𝜃𝜇𝑣′

𝑐𝜏
′ = 𝛽𝜁Φ𝑇 ′

𝑏𝑛 (64)

𝜃𝑣𝑐/𝑆(𝑑′) − 𝛽𝜃𝑣′
𝑐 = 𝛽𝜁 ′Φ𝑇 ′

𝑑 (65)

Define �̂�= 𝜇𝑏𝑛

𝜇𝑏𝑛+(1−𝜇)𝐵𝑜 . We can rewrite (62) as

(1 − 𝜃)
[︀
�̂�𝑢𝑛

𝑔 + (1 − �̂�)𝑢𝑜
𝑔

]︀
− 𝜃𝑣𝑐 = 0 (66)

From Lemma 1, it is obvious that �̂� ∈ (𝜇,1) and 𝑢𝑛
𝑔 > 𝑢𝑜

𝑔 around the steady state, as long as 𝜇 ∈ (0,1).
Hence by comparing (63) and (66), it is easy to see that 𝜁 > 0, which further implies 𝑇𝑢 = 𝑇 .35

Because 𝑇 is not big enough to resolve the vertical fiscal imbalance (Assumption 4), the distortionary
transfer rate 𝜏 must be strictly positive around the steady state, otherwise the total transfers will not be
large enough to make (63) and (66) hold.

𝑇𝑢 = 𝑇 further implies that Φ𝑇
𝑏𝑛 = 0 and Φ𝑇

𝑑 = 0. Then we can rewrite (64) as

(1 − 𝜃)𝜇

[︂
𝑢𝑛

𝑔
1

𝑅(𝑏𝑛′)
− 𝛽𝑢𝑛′

𝑔 (1 − 𝜏 ′)

]︂
= 𝛽𝜃𝜇𝑣′

𝑐𝜏
′ (67)

With 𝜏 ′ > 0 around the steady state, the right-hand side of (67) is strictly positive, therefore the left-hand
side of (67) must also be strictly positive:

𝑢𝑛
𝑔 − 𝛽𝑅(𝑏𝑛′

)𝑢𝑛′
𝑔 (1 − 𝜏 ′) > 0 (68)

This contradicts (61) when 𝜏 ′ > 0 around the steady state. Hence, the solution of the alternate problem
must satisfy (59) with equality around the steady state. As such, it also solves the original problem
around the steady state if we let 𝜆= �̃�.

(3) Last, we show that the non-negative �̃�must be strictly positive, hence 𝜆 is also strictly positive.

Follow the same proof in Step (2), it is easy to see that when �̃� = 0, (68) has to hold. This contradicts
with (59). Hence �̃�must be strictly positive.

35Note 𝑇𝑢 = 𝑇 here follows from the contradiction and is not part of Proposition 2.
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D.3 Proof of Proposition 2 (Minimum uniform transfer in Markov)
Define �̂�(𝑏𝑛,𝐵𝑜) = 𝜇𝑏𝑛

𝜇𝑏𝑛+(1−𝜇)𝐵𝑜 . We can rewrite (55) as

(1 − 𝜃)
[︀
�̂�(𝑏𝑛,𝐵𝑜)𝑢𝑛

𝑔 + (1 − �̂�(𝑏𝑛,𝐵𝑜))𝑢𝑜
𝑔

]︀
− 𝜃𝑣𝑐 =

�̂�(𝑏𝑛,𝐵𝑜)

𝜇
𝜆𝑢𝑛

𝑔𝑔 (69)

At the steady state,

𝜆𝑢𝑛
𝑔𝑔 − 𝜁 = (1 − 𝜃)

[︀
𝜇𝑢𝑛

𝑔 + (1 − 𝜇)𝑢𝑜
𝑔

]︀
− 𝜃𝑣𝑐

< (1 − 𝜃)
[︀
�̂�(𝑏𝑛

𝑠𝑠,𝐵𝑜)𝑢𝑛
𝑔 + (1 − �̂�(𝑏𝑛

𝑠𝑠,𝐵𝑜))𝑢𝑜
𝑔

]︀
− 𝜃𝑣𝑐

=
�̂�(𝑏𝑛

𝑠𝑠,𝐵𝑜)

𝜇
𝜆𝑢𝑛

𝑔𝑔

< 𝜆𝑢𝑛
𝑔𝑔

Thefirst equality is from(56). The first inequality follows because: at the steady state for𝜇∈ (0,1), �̂�(𝑏𝑛
𝑠𝑠,𝐵𝑜)>

𝜇 as 𝑏𝑛
𝑠𝑠 > 𝐵𝑜 ≥ 0, and 𝑢𝑛

𝑔 > 𝑢𝑜
𝑔 as 𝑔𝑛

𝑠𝑠 < 𝑔𝑜
𝑠𝑠 (Lemma 1). The second equality follows from (69). The second

inequality comes from 𝜆> 0 (Proposition 3), �̂� > 𝜇 and 𝑢𝑛
𝑔𝑔 < 0. Hence, 𝜁 > 0, and the constraint 𝑇𝑢 ≥ 𝑇 must

be binding.

To show 𝜏 > 0 at the steady state, note that 𝑢𝑜
𝑔 < 𝑢𝑛

𝑔 (Lemma 1) and (69) together imply

(1 − 𝜃)𝑢𝑜
𝑔 < (1 − 𝜃)

[︀
�̂�(𝑏𝑛,𝐵𝑜)𝑢𝑛

𝑔 + (1 − �̂�(𝑏𝑛,𝐵𝑜))𝑢𝑜
𝑔

]︀
≤ 𝜃𝑣𝑐

as 𝜆> 0 and 𝑢𝑛
𝑔𝑔 < 0. Since we have established 𝑇𝑢 = 𝑇 , so if 𝜏 ≤ 0, Assumption 6would imply (1 − 𝜃)𝑢𝑜

𝑔 > 𝜃𝑣𝑐,
which is a contradiction. Therefore, it must be the case that 𝜏 > 0.

D.4 Proof of Proposition 4 (Under-transfer in Ramsey)
Preamble

For the general case with 𝐵𝑜 ≥ 0, the optimality conditions in the Ramsey problem are

{𝜏} (1 − 𝜃)[𝜇𝑢𝑛
𝑔 𝑏

𝑛 + (1 − 𝜇)𝑢𝑜
𝑔𝐵

𝑜] − 𝜃𝑣𝑐[𝜇𝑏
𝑛 + (1 − 𝜇)𝐵𝑜] = 𝛾𝑢𝑛

𝑔𝑔𝑏
𝑛 + 𝛾−𝑅(𝑏𝑛′

) [𝑢𝑛
𝑔 − (1 − 𝜏 )𝑢𝑛

𝑔𝑔𝑏
𝑛] (70)

{𝑇𝑢} (1 − 𝜃)[𝜇𝑢𝑛
𝑔 + (1 − 𝜇)𝑢𝑜

𝑔 ] − 𝜃𝑣𝑐 = 𝛾𝑢𝑛
𝑔𝑔 − 𝛾−𝑅(𝑏𝑛)(1 − 𝜏 )𝑢𝑛

𝑔𝑔 − 𝜁𝑟 (71)

{𝑏𝑛′
} (1 − 𝜃)𝜇𝑢𝑛

𝑔 /𝑅(𝑏𝑛′
) − 𝛽[(1 − 𝜃)𝜇𝑢𝑛′

𝑔 (1 − 𝜏 ′) + 𝜃𝑣′
𝑐𝜇𝜏

′]

= 𝛾
[︁
𝑢𝑛

𝑔𝑔/𝑅(𝑏𝑛′
) + 𝛽𝑅(𝑏𝑛′

)(1 − 𝜏 ′)𝑢𝑛′

𝑔𝑔(1 − 𝜏 ′)
]︁

− 𝛾−𝑅(𝑏𝑛)(1 − 𝜏 )𝑢𝑛
𝑔𝑔/𝑅(𝑏𝑛′

) − 𝛽𝛾′𝑢𝑛′

𝑔𝑔(1 − 𝜏 ′) (72)

{𝑑′} 𝜃𝑣𝑐/𝑆(𝑑′) − 𝛽𝜃𝑣′
𝑐 = 0 (73)

Setting 𝐵𝑜 = 0 reduces the conditions to (23)–(26) in Section 2.5.

Proof

• In the first part we prove 𝜏 = 0 at the steady state.

At the steady state, the left-hand side of (72) can be simplified to

(1 − 𝜃)𝜇𝑢𝑛
𝑔

1
𝑅(𝑏𝑛)

− 𝛽[(1 − 𝜃)𝜇𝑢𝑛
𝑔 (1 − 𝜏 ) + 𝜃𝑣𝑐𝜇𝜏 ] ≡ −𝛽𝜃𝑣𝑐𝜇𝜏

where we use the unconstrained region’s Euler equation at the steady state 𝛽𝑅(𝑏𝑛)(1 − 𝜏 ) = 1.
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Similarly, the right-hand side of (72) at the steady state becomes

𝛾

[︂
𝑢𝑛

𝑔𝑔
1

𝑅(𝑏𝑛)
+ 𝛽𝑅(𝑏𝑛)(1 − 𝜏 )𝑢𝑛

𝑔𝑔(1 − 𝜏 )

]︂
− 𝛾𝑅(𝑏𝑛)(1 − 𝜏 )𝑢𝑛

𝑔𝑔
1

𝑅(𝑏𝑛)
− 𝛽𝛾𝑢𝑛

𝑔𝑔(1 − 𝜏 )

≡ 𝛾

[︂
𝑢𝑛

𝑔𝑔
1

𝑅(𝑏𝑛)
+ 𝑢𝑛

𝑔𝑔(1 − 𝜏 ) − (1 − 𝜏 )𝑢𝑛
𝑔𝑔 − 𝛽𝑢𝑛

𝑔𝑔(1 − 𝜏 )

]︂
≡ 0

where 𝛽𝑅(𝑏𝑛)(1 − 𝜏 ) = 1 is repeatedly used. Equating the left- and right-hand sides, we can get 𝜏 = 0
at the steady state.

• Next, we show 𝑇𝑢 > 𝑇 in the Ramsey steady state equilibrium. We first prove the following lemma:

Lemma 3. The Lagrange multiplier 𝛾 > 0 at the steady state.36

Proof. By a similar argument as in Section D.2, we can construct an alternate problem (to the Ramsey
problem) with inequalities in the implementability constraints and Lagrange multiplier �̃� ≥ 0. Then we
can show the solution to this alternate problem also solves the original problem, and so the Lagrange
multiplier of the original problem 𝛾 ≥ 0.

It remains to show that 𝛾 ̸= 0. Suppose for contradiction 𝛾 = 0, then (70)-(71) become

(1 − 𝜃)[𝜇𝑢𝑛
𝑔 𝑏

𝑛 + (1 − 𝜇)𝑢𝑜
𝑔𝐵

𝑜] − 𝜃𝑣𝑐[𝜇𝑏
𝑛 + (1 − 𝜇)𝐵𝑜] = 0 (74)

(1 − 𝜃)[𝜇𝑢𝑛
𝑔 + (1 − 𝜇)𝑢𝑜

𝑔 ] − 𝜃𝑣𝑐 = −𝜁𝑟 (75)

Define �̂�(𝑏𝑛,𝐵𝑜) = 𝜇𝑏𝑛

𝜇𝑏𝑛+(1−𝜇)𝐵𝑜 , then (74) can be rewritten as

(1 − 𝜃)
[︀
�̂�(𝑏𝑛,𝐵𝑜)𝑢𝑛

𝑔 + (1 − �̂�(𝑏𝑛,𝐵𝑜))𝑢𝑜
𝑔

]︀
− 𝜃𝑣𝑐 = 0 (76)

Given 𝜏 = 0 at the steady state, the unconstrained region’s Euler equation implies 𝛽𝑅(𝑏𝑛
𝑠𝑠) = 1, so 𝑏𝑛

𝑠𝑠 =

�̄� > 𝐵𝑜 (Assumptions 2 and 5). It follows then �̂�(𝑏𝑛
𝑠𝑠,𝐵𝑜) > 𝜇. Because 𝑏𝑛

𝑠𝑠 > 𝐵𝑜 and both types of
regions get the same transfer 𝑇𝑢, we have 𝑔𝑛

𝑠𝑠 < 𝑔𝑜
𝑠𝑠 and 𝑢𝑛

𝑔 > 𝑢𝑜
𝑔 . So the left-hand side of (76) is greater

than the left-hand side of (75). This implies 𝜁𝑟 > 0, and

(1 − 𝜃)[𝜇𝑢𝑛
𝑔 + (1 − 𝜇)𝑢𝑜

𝑔 ] − 𝜃𝑣𝑐 < 0 (77)

𝜁𝑟 > 0 also means 𝑇𝑢 = 𝑇 , and since we have shown 𝜏 = 0, the transfer that local governments get is
only 𝑇 . Hence, under the assumption that 𝑓 +𝑇 is small relative to 𝑒 (Assumption 6), local government
consumptions 𝑔𝑛 and 𝑔𝑜 are low relative to central government consumption 𝑐. But this contradicts with
(77). Thus 𝛾 > 0.

Combining (70)–(71), we have

− (1 − 𝜇)(1 − 𝐵𝑜

𝑏𝑛
)[(1 − 𝜃)𝑢𝑜

𝑔 − 𝜃𝑣𝑐] = 𝜁𝑟 +
𝛾−𝑅(𝑏𝑛′

)𝑢𝑛
𝑔

𝑏𝑛
(78)

Because 𝛾 > 0 and 𝜁𝑟 ≥ 0, the right hand side of (78) is strictly positive.

On the left-hand side of (78), because 𝜏 = 0 in the Ramsey steady state, from the Euler equation of the
unconstrained local government, it must be that 𝑏𝑛 = �̄� in the Ramsey steady state. Because �̄� > 𝐵𝑜

from Assumption 5, we have 𝑏𝑛 > 𝐵𝑜 in the Ramsey steady state. Therefore, in order to make the left

36Note that 𝛾 > 0 holds in this case (despite the absence of distortionary transfer in equilibrium, i.e. 𝜏 = 0) because of
the horizontal fiscal imbalance between regions. If there is only one type of region (𝜇 = 0 or 1 or �̄� = 𝐵𝑜), then 𝜏 = 0
implies 𝛾 = 0 and the Ramsey equilibrium would achieve the (efficient) consolidated government allocation.
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hand side of (78) strictly positive, we need

(1 − 𝜃)𝑢𝑜
𝑔 < 𝜃𝑣𝑐 (79)

Suppose for contradiction 𝑇𝑢 = 𝑇 . Given 𝜏 = 0, the only transfer to any local government is 𝑇 . Then
Assumption 6 (𝑓 + 𝑇 is small relative to 𝑒) implies (1 − 𝜃)𝑢𝑜

𝑔 > 𝜃𝑣𝑐, which contradicts (79). Therefore,
it must be the case 𝑇𝑢 > 𝑇 . This also implies that 𝜁𝑟 = 0.

• Lastly, given 𝜏 = 0, (71) at the steady state becomes

(1 − 𝜃)[𝜇𝑢𝑛
𝑔 + (1 − 𝜇)𝑢𝑜

𝑔 ] − 𝜃𝑣𝑐 = 𝛾𝑢𝑛
𝑔𝑔(1 −𝑅) − 𝜁𝑟 (80)

Given 1 −𝑅< 0, 𝑢𝑛
𝑔𝑔 < 0, 𝛾 > 0 and 𝜁𝑟 = 0, we have

(1 − 𝜃)[𝜇𝑢𝑛
𝑔 + (1 − 𝜇)𝑢𝑜

𝑔 ] > 𝜃𝑣𝑐.
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E Quantitative Model

This section lays out the quantitative model used for the calibration and quantitative exercises in Sections 3
and 4. This model has two modifications from the model presented in Section 2:

1. the constrained regions face a debt limit 𝑏𝑜
𝑖,𝑡+1 ≤𝐵𝑜; and for𝐵𝑜 ≥ 0 small enough (Assumption 5 stated

in Appendix D), the debt limit constraint is always binding, and 𝑏𝑜
𝑖,𝑡+1 = 𝐵𝑜.

2. transfer function contains a negotiation parameter 𝜖, such that region 𝑖 receives total transfer

𝑇𝑖,𝑡 = 𝜏𝑡𝑏𝑖,𝑡 + (1 − 𝜖)𝜏𝑡(�̄�𝑡 − 𝑏𝑖,𝑡) + 𝑇𝑢
𝑡

where 𝑏𝑖,𝑡 is region 𝑖’s debt stock and �̄�𝑡 = 𝜇𝑏𝑛
𝑡 + (1 − 𝜇)𝐵𝑜 is the cross-region average debt.

Note that the model in Section 2 is a special case when 𝐵𝑜 = 0 and 𝜖 = 1. We use highlights to indicate the
differences from this model.
Consolidated government’s problem. Given (𝑏𝑛

0 ,𝑑0), 𝑏0
𝑜 = 𝐵𝑜 and the interest rate schedules, the consoli-

dated government’s problem consists of choosing a sequence of debt and spending {𝑏𝑛
𝑡+1,𝑏𝑜

𝑡+1,𝑑𝑡+1,𝑔𝑛
𝑡 ,𝑔𝑜

𝑡 ,𝑐𝑡}∞
𝑡=0

that solves

max
{𝑏𝑛

𝑡+1,𝑏𝑜
𝑡+1,𝑑𝑡+1,𝑔𝑛

𝑡 ,𝑔𝑜
𝑡 ,𝑐𝑡}∞

𝑡=0

∑︁
𝛽𝑡{(1 − 𝜃)[𝜇𝑢(𝑔𝑛

𝑡 ) + (1 − 𝜇)𝑢(𝑔𝑜
𝑡 )] + 𝜃𝑣(𝑐𝑡)}

subject to the consolidated budget constraint and constrained regions’ debt limit

𝑐𝑡 + 𝜇𝑔𝑛
𝑡 + (1 − 𝜇)𝑔𝑜

𝑡 + 𝑑𝑡 + 𝜇𝑏𝑛
𝑡 + (1 − 𝜇)𝑏𝑜

𝑡 = 𝑒+
𝑑𝑡+1

𝑆(𝑑𝑡+1)
+ 𝜇

𝑏𝑛
𝑡+1

𝑅(𝑏𝑛
𝑡+1)

+ (1 − 𝜇)
𝑏𝑜

𝑡+1
𝑅(𝑏𝑜

𝑡+1)

𝑏𝑜
𝑡+1 ≤ 𝐵𝑜

Without a consolidated government:
Constrained local government is subject to the debt limit 𝑏𝑜

𝑖,𝑡+1 ≤ 𝐵𝑜, which binds given Assumption 5. So
the constrained region’s debt 𝑏𝑜

𝑖,𝑡+1 = 𝐵𝑜, and we do not need to keep track of it as a state variable. The
constrained region’s spending is

𝑔𝑜
𝑖,𝑡 = 𝑓 + 𝑇𝑢

𝑡 +
𝐵𝑜

𝑅(𝐵𝑜)
+ 𝜏𝑡𝐵

𝑜 + 𝜏𝑡(1 − 𝜖)(�̄�𝑡 −𝐵𝑜) −𝐵𝑜 (81)

Unconstrained local government’s problem is similar to the model in Section 2 except for themodified trans-
fer function. Given the aggregate states (𝑏𝑛

𝑡 ,𝑑𝑡) and individual state 𝑏𝑛
𝑖,𝑡, an unconstrained local government

𝑖 chooses its spending 𝑔𝑛
𝑖,𝑡 and debt 𝑏𝑛

𝑖,𝑡+1 to maximize the welfare of its residents, taking the sequences of
central government policies and interest rates as given. Its problem written recursively is

𝑊 (𝑏𝑛
𝑖,𝑡;𝑏𝑛

𝑡 ,𝑑𝑡) = max
𝑏𝑛

𝑖,𝑡+1,𝑔𝑛
𝑖,𝑡

(1 − 𝜃)𝑢(𝑔𝑛
𝑖,𝑡) + 𝜃𝑣(𝑐𝑡) + 𝛽𝑊 (𝑏𝑛

𝑖,𝑡+1;𝑏𝑛
𝑡+1,𝑑𝑡+1)

subject to the budget constraint

𝑔𝑛
𝑖,𝑡 + 𝑏𝑛

𝑖,𝑡 ≤ 𝑓 +
𝑏𝑛

𝑖,𝑡+1
𝑅(𝑏𝑛

𝑖,𝑡+1)
+ 𝜏𝑡𝑏

𝑛
𝑖,𝑡 + 𝜏𝑡(1 − 𝜖)(�̄�𝑡 − 𝑏𝑛

𝑖,𝑡) + 𝑇𝑢
𝑡 (82)

where �̄�𝑡 = 𝜇𝑏𝑛
𝑡 + (1 − 𝜇)𝐵𝑜.

Central government’s problem (in a Markov or Ramsey equilibrium) is similar to the model in Section 2,
but with the modified local governments’ budget constraints (82) and (81) and central government’s budget
constraint:

𝑐𝑡 ≤ 𝑒− 𝑓 +
𝑑𝑡+1

𝑆(𝑑𝑡+1)
− 𝑑𝑡 − 𝜏𝑡�̄�𝑡 − 𝑇𝑢

𝑡 (83)
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Using the modified budget constraints to define the spending of the representative local and central gov-
ernments as functions of transfer and debt, as in Section 2.4:

Unconstrained local: �̃�𝑛(𝑏𝑛,𝑏𝑛′ ,𝜏 ,𝑇𝑢) = 𝑓 +
𝑏𝑛′

𝑅(𝑏𝑛′)
− (1 − 𝜖𝜖𝜖𝜏 )𝑏𝑛 + 𝜏 (1 − 𝜖)�̄�+ 𝑇𝑢 (84)

Constrained local: �̃�𝑜(𝜏 ,𝑇𝑢) = 𝑓 + 𝑇𝑢 +
𝐵𝑜

𝑅(𝐵𝑜)
− (1 − 𝜖𝜏 )𝐵𝑜 + 𝜏 (1 − 𝜖)�̄� (85)

Central: �̃�(𝑏𝑛,𝑑,𝑑′,𝜏 ,𝑇𝑢) = 𝑒− 𝑓 +
𝑑′

𝑆(𝑑′)
− 𝑑− 𝜏 (𝜇𝑏𝑛 + (1 − 𝜇)𝐵𝑜) − 𝑇𝑢 (86)

AMarkov-perfect equilibrium in themodifiedmodel consists of a value function 𝑉 , central government’s
policy rules {Φ𝜏 ,Φ𝑇 ,Φ𝑑}, and a policy function Φ𝑏 for the unconstrained local government’s debt, such that
for all aggregate states (𝑏𝑛,𝑑), 𝜏 = Φ𝜏 (𝑏𝑛,𝑑), 𝑇𝑢 = Φ𝑇 (𝑏𝑛,𝑑), 𝑑′ = Φ𝑑(𝑏𝑛,𝑑) and 𝑏𝑛′

= Φ𝑏(𝑏𝑛,𝑑) solve

max
𝜏 ,𝑇 𝑢,𝑏𝑛′ ,𝑑′

(1 − 𝜃)
[︁
𝜇𝑢
(︁
�̃�𝑛(𝑏𝑛,𝑏𝑛′ ,𝜏 ,𝑇𝑢)

)︁
+ (1 − 𝜇)𝑢

(︀
�̃�𝑜(𝜏 ,𝑇𝑢)

)︀]︁
+ 𝜃𝑣

(︀
�̃�(𝑏𝑛,𝑑,𝑑′,𝜏 ,𝑇𝑢)

)︀
+ 𝛽𝑉 (𝑏𝑛′ ,𝑑′)

subject to the representative unconstrained region’s Euler equation and a policy constraint,

𝑢𝑔

(︁
�̃�𝑛(𝑏𝑛,𝑏𝑛′ ,𝜏 ,𝑇𝑢)

)︁
= 𝛽𝑅(𝑏𝑛′

)(1 − Φ𝜏 (𝑏𝑛′ ,𝑑′))𝑢𝑔

(︁
�̃�𝑛(𝑏𝑛′ ,Φ𝑏(𝑏𝑛′ ,𝑑′),Φ𝜏 (𝑏𝑛′ ,𝑑′),Φ𝑇 (𝑏𝑛′ ,𝑑′))

)︁
(87)

𝑇𝑢 ≥ 𝑇 (88)

and the central government’s value function satisfies the functional equation

𝑉 (𝑏𝑛,𝑑) = (1 − 𝜃)
[︁
𝜇𝑢
(︁
�̃�𝑛(𝑏𝑛,Φ𝑏(𝑏𝑛,𝑑),Φ𝜏 (𝑏𝑛,𝑑),Φ𝑇 (𝑏𝑛,𝑑))

)︁
+ (1 − 𝜇)𝑢

(︁
�̃�𝑜(Φ𝜏 (𝑏𝑛,𝑑),Φ𝑇 (𝑏𝑛,𝑑))

)︁]︁
+𝜃𝑣

(︁
�̃�(𝑏𝑛,𝑑,Φ𝑑(𝑏𝑛,𝑑),Φ𝜏 (𝑏𝑛,𝑑),Φ𝑇 (𝑏𝑛,𝑑))

)︁
+ 𝛽𝑉 (Φ𝑏(𝑏𝑛,𝑑),Φ𝑑(𝑏𝑛,𝑑))

The Ramsey problem: Given initial debt positions (𝑏𝑛
0 ,𝑑0), the optimal (Ramsey) policy of a central gov-

ernmentwith commitment consists of a sequence of debt and transfer policies {𝜏𝑡,𝑇𝑢
𝑡 ,𝑏𝑛

𝑡+1,𝑑𝑡+1}∞
𝑡=0 that solves

max
∞∑︁

𝑡=0
𝛽𝑡
{︀
(1 − 𝜃)

[︀
𝜇𝑢
(︀
�̃�𝑛(𝑏𝑛

𝑡 ,𝑏𝑛
𝑡+1,𝜏𝑡,𝑇𝑢

𝑡 )
)︀
+ (1 − 𝜇)𝑢

(︀
�̃�𝑜(𝜏𝑡,𝑇𝑢

𝑡 )
)︀]︀

+ 𝜃𝑣
(︀
�̃�(𝑏𝑛

𝑡 ,𝑑𝑡,𝑑𝑡+1,𝜏𝑡,𝑇𝑢
𝑡 )
)︀}︀

subject to the following constraints for all time 𝑡≥ 0

𝑢𝑔

(︀
�̃�𝑛(𝑏𝑛

𝑡 ,𝑏𝑛
𝑡+1,𝜏𝑡,𝑇𝑢

𝑡 )
)︀

= 𝛽𝑅(𝑏𝑛
𝑡+1)(1 − 𝜏𝑡+1)𝑢𝑔

(︀
�̃�𝑛(𝑏𝑛

𝑡+1,𝑏𝑛
𝑡+2,𝜏𝑡+1,𝑇𝑢

𝑡+1)
)︀

𝑇𝑢
𝑡 ≥ 𝑇

where the budget constraints of central and local governments are implicit in the spending functions �̃�𝑛, �̃�𝑜

and �̃�.
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F Computational Appendix

This section outlines the procedures we use to compute the Markov-perfect equilibrium steady state used in
the quantitative section. We focus on policy functions that depend differentiably on current states (𝑏𝑛,𝑑).
Using Proposition 2 to simplify the problem, we do not need to solve for the uniform transfer 𝑇𝑢

𝑡 . This leaves
three policy functions to solve for: 𝑏𝑛′

= Φ𝑏(𝑏𝑛,𝑑), 𝑑′ = Φ𝑑(𝑏𝑛,𝑑), and 𝜏 = Φ𝜏 (𝑏𝑛,𝑑).
We solve a system of equations for the policy function and their derivatives with respect to each state. We

adopt a local approximation method similar to Klein et al. (2008). We use a linear approximation and assume
policy functions are linear functions of states around the steady state.37 We solve for the three policy functions
and their first-order derivatives using a system of nine equations: Local government’s Euler equation (8),
central government’s GEEs (50) and (51), and their derivatives with respect to 𝑏𝑛 and 𝑑

0 = Euler(𝑏𝑛,𝑏𝑛′ ,𝜏 ,Φ𝑏(𝑏𝑛′ ,𝑑′),Φ𝜏 (𝑏𝑛′ ,𝑑′)) (89)

0 = GEE1(𝑏𝑛,𝑑,𝑏𝑛′ ,𝑑′,𝜏 ,Φ𝑏(𝑏𝑛′ ,𝑑′),Φ𝑑(𝑏𝑛′ ,𝑑′),Φ𝜏 (𝑏𝑛′ ,𝑑′),Φ𝑏
𝑏𝑛 ,Φ𝜏

𝑏𝑛) (90)

0 = GEE2((𝑏𝑛,𝑑,𝑏𝑛′ ,𝑑′,𝜏 ,Φ𝑏(𝑏𝑛′ ,𝑑′),Φ𝑑(𝑏𝑛′ ,𝑑′),Φ𝜏 (𝑏𝑛′ ,𝑑′),Φ𝑏
𝑑,Φ𝜏

𝑑) (91)

0 = 𝑑Euler(𝑏𝑛,𝑏𝑛′ ,𝜏 ,Φ𝑏(𝑏𝑛′ ,𝑑′),Φ𝜏 (𝑏𝑛′ ,𝑑′))/𝑑𝑏𝑛 (92)

0 = 𝑑Euler(𝑏𝑛,𝑏𝑛′ ,𝜏 ,Φ𝑏(𝑏𝑛′ ,𝑑′),Φ𝜏 (𝑏𝑛′ ,𝑑′))/𝑑𝑑 (93)

0 = 𝑑GEE1(𝑏𝑛,𝑑,𝑏𝑛′ ,𝑑′,𝜏 ,Φ𝑏(𝑏𝑛′ ,𝑑′),Φ𝑑(𝑏𝑛′ ,𝑑′),Φ𝜏 (𝑏𝑛′ ,𝑑′),Φ𝑏
𝑏𝑛 ,Φ𝜏

𝑏𝑛)/𝑑𝑏𝑛 (94)

0 = 𝑑GEE1(𝑏𝑛,𝑑,𝑏𝑛′ ,𝑑′,𝜏 ,Φ𝑏(𝑏𝑛′ ,𝑑′),Φ𝑑(𝑏𝑛′ ,𝑑′),Φ𝜏 (𝑏𝑛′ ,𝑑′),Φ𝑏
𝑏𝑛 ,Φ𝜏

𝑏𝑛)/𝑑𝑑 (95)

0 = 𝑑GEE2(𝑏𝑛,𝑑,𝑏𝑛′ ,𝑑′,𝜏 ,Φ𝑏(𝑏𝑛′ ,𝑑′),Φ𝑑(𝑏𝑛′ ,𝑑′),Φ𝜏 (𝑏𝑛′ ,𝑑′),Φ𝑏
𝑑,Φ𝜏

𝑑)/𝑑𝑏
𝑛 (96)

0 = 𝑑GEE2(𝑏𝑛,𝑑,𝑏𝑛′ ,𝑑′,𝜏 ,Φ𝑏(𝑏𝑛′ ,𝑑′),Φ𝑑(𝑏𝑛′ ,𝑑′),Φ𝜏 (𝑏𝑛′ ,𝑑′),Φ𝑏
𝑑,Φ𝜏

𝑑)/𝑑𝑑 (97)

where Φ𝑏
𝑑 is the derivative of policy function Φ𝑏 with respect to 𝑑, and functional derivatives are computed

as follows, for example,

𝑑Euler(𝑏𝑛,𝑏𝑛′ ,𝜏 ,Φ𝑏(𝑏𝑛′ ,𝑑′),Φ𝜏 (𝑏𝑛′ ,𝑑′))

𝑑𝑏𝑛
=

𝜕Euler
𝜕𝑏𝑛

+
𝜕Euler
𝜕𝑏𝑛

′ Φ𝑏
𝑏𝑛 +

𝜕Euler
𝜕𝜏

Φ𝜏
𝑏𝑛

+
𝜕Euler
𝜕𝑏𝑛

′′ (Φ𝑏
𝑏𝑛 Φ𝑏

𝑏𝑛 + Φ𝑑
𝑏𝑛 Φ𝑏

𝑑) +
𝜕Euler
𝜕𝜏 ′ (Φ𝑏

𝑏𝑛 Φ𝜏
𝑏𝑛 + Φ𝑑

𝑏𝑛 Φ𝜏
𝑑)

where 𝜕Euler/𝜕𝑏𝑛 is approximated by

𝜕Euler
𝜕𝑏𝑛

≈ Euler(𝑏𝑛 + ∆,𝑏𝑛′ ,𝜏 ,Φ𝑏(𝑏𝑛′ ,𝑑′),Φ𝜏 (𝑏𝑛′ ,𝑑′)) − Euler(𝑏𝑛 − ∆,𝑏𝑛′ ,𝜏 ,Φ𝑏(𝑏𝑛′ ,𝑑′),Φ𝜏 (𝑏𝑛′ ,𝑑′))

2∆
(98)

for some tiny value ∆, and second derivatives are set to zero.

37We checked higher-order (2nd, 3rd) approximations in Mathematica and found that the estimated steady states and
first-order derivatives are similar to what we get using a linear approximation.
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G Additional Quantitative Results

This section includes additional quantitative results not included in the main text.

G.1 Additional moments for Section 4.1
Table A1 complements Table 5 and provides additional moments for the baseline counterfactual exercise of
Section 4.1.

Table A1: Baseline Counterfactual Experiments: Additional Moments

1988–1996 1996–2006
(1) (2) (3) (4) (5) (6)

Moments 1988 1996 Counterfactual
1996 (%)

1996 2006 Counterfactual
2006 (%)

Central-local spending ratio 3.63 1.70 1.69 1.70 1.04 1.04
Total local spending 0.062 0.146 0.130 0.146 0.177 0.204
Central spending 0.224 0.248 0.219 0.248 0.184 0.213
Central-to-local transfer 0.039 0.085 0.092 0.085 0.053 0.074

Note: Counterfactual experiments use revenue (𝑒 and 𝑓) and spending responsibility share (𝜃) values from end year, and keep
all other parameters at their starting year values. All spending and transfer levels are normalized by national GDP.
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G.2 Quantitative results for Section 4.3.1
Table A2 shows the calibrated parameter values and the effects of fiscal decentralization on debt levels when
governments internalize interest rate schedules.

Table A2: Counterfactual Experiment
governments internalize interest rate schedules

Calibrated Values
Parameters 1988 1996 2006
�̄� 0.065 0.212 0.246
�̄� 0.598 1.047 0.607
𝜃 0.792 0.637 0.513
𝜖 0.018 0.018 0.018

1988–1996 1996–2006
(1) (2) (3) (4) (5) (6)

Moments 1988 1996 Counterfactual
1996 (%)

1996 2006 Counterfactual
2006 (%)

Total local debt 0.062 0.130 0.137 (110%) 0.130 0.122 0.111 (238%)
Central debt 0.344 0.615 0.391 (17%) 0.615 0.336 0.601 (5%)
Total government debt 0.406 0.745 0.528 (36%) 0.745 0.458 0.712 (11%)

Note: Assuming governments internalize interest rate schedules and re-calibrating each year. Calibration strategy is iden-
tical to the baseline. Total government debt (also known as “general government debt”) is the sum of the local and central
government debt. Counterfactual experiments use revenue (𝑒 and 𝑓) and spending responsibility share (𝜃) values from
end year, and keep all other parameters at their starting year values. Numbers in parentheses show the percent of debt
changes that is explained by decentralization. All debt levels are normalized by national GDP.
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G.3 Quantitative results for Section 4.3.2
Table A3 shows the values of internally calibrated parameters with alternative local and central debt interest
elasticities.

Table A3: Internally Calibrated Parameters
with alternative local and central debt interest elasticities

Parameter Target Calibrated Values
1988 1996 2006

�̄� Total local government debt 0.0345 0.118 0.131
�̄� Central government debt 0.220 0.502 0.294
𝜃 Central-local spending ratio 0.791 0.636 0.512
𝜖 Central-to-local transfer 0.014 0.014 0.014
Note: Using 𝜓𝑏 = 0.05 and 𝜓𝑑 = 0.01 and re-calibrating each year. Calibration strategy is
identical to the baseline. Debt and transfer levels are normalized by national GDP.
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G.4 Quantitative results for Section 4.3.3
Table A4 shows the calibrated parameter values and the effects of fiscal decentralization on debt levels with
alternative calibration of 𝜇 and 𝐵𝑜.

Table A4: Counterfactual Experiment
with alternative calibration of 𝜇 and 𝐵𝑜

Calibrated Values
Parameters 1988 1996 2006
�̄� 0.00358 0.113 0.147
�̄� 0.316 0.584 0.323
𝜃 0.788 0.635 0.512
𝜖 0.018 0.018 0.018

1988–1996 1996–2006
(1) (2) (3) (4) (5) (6)

Moments 1988 1996 Counterfactual
1996 (%)

Model
1996

Model
2006

Counterfactual
2006 (%)

Total local debt 0.062 0.130 0.155 (137%) 0.130 0.122 0.099 (389%)
Central debt 0.338 0.615 0.394 (20%) 0.615 0.336 0.596 (7%)
Total government debt 0.400 0.745 0.549 (43%) 0.745 0.458 0.695 (18%)

Note: Using 𝜇 = 0.6 and 𝐵𝑜 = 0.046 and re-calibrating each year. Calibration strategy is identical to the baseline. Total
government debt (also known as “general government debt”) is the sum of the local and central government debt. Coun-
terfactual experiments use revenue (𝑒 and 𝑓) and spending responsibility share (𝜃) values from end year, and keep all other
parameters at their starting year values. Numbers in parentheses show the percent of debt changes that is explained by
decentralization. All debt levels are normalized by national GDP.
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G.5 Quantitative results for Section 4.3.4
Table A5 shows the effects of fiscal decentralization on debt levels with an alternative value of 𝜖.

Table A5: Counterfactual Experiment
with 𝜖= 0.1

1988–1996 1996–2006
(1) (2) (3) (4) (5) (6)

Moments 1988 1996 Counterfactual
1996 (%)

1996 2006 Counterfactual
2006 (%)

Total local debt 0.149 0.294 0.410 (180%) 0.294 0.154 0.0.047 (176%)
Central debt 0.482 1.022 0.865 (71%) 1.022 0.581 0.678 (78%)
Total government debt 0.631 1.316 0.735 (94%) 1.316 0.735 0.725 (102%)

Note: Using 𝜖 = 0.1, and all other parameters identical to the baseline. Moments are not matched to data. Total government
debt (also known as “general government debt”) is the sum of the local and central government debt. Counterfactual exper-
iments use revenue (𝑒 and 𝑓) and spending responsibility share (𝜃) values from end year, and keep all other parameters at
their starting year values. Numbers in parentheses show the percent of debt changes that is explained by decentralization.
All debt levels are normalized by national GDP.
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G.6 Quantitative results for Section 4.3.5

Table A6: Counterfactual Experiment
using moments from simulated paths

Parameters Calibrated Values
in simulated 1996

economy
�̄� 0.105
�̄� 0.406
𝜖 0.122
𝜃 0.68

1988–1996
(1) (2) (3)

Moments Steady state 1988 Simulated 1996 Counterfactual 1996
(%)

Total local debt 0.062 0.128 0.070 (12%)
Central debt 0.337 0.592 0.395 (23%)
Total government debt 0.399 0.720 0.465 (21%)

Note: The calibration finds the set of parameters (�̄�,�̄�,𝜃,𝜖) such that the moments—total local government
debt, central government debt, central-local spending ratio, and central-to-local transfer—in the simulated
1996 economy (off-steady state) match those in the data for 1996. Total government debt (also known as “gen-
eral government debt”) is the sum of the local and central government debt. Counterfactual experiments
use revenue (𝑒 and 𝑓) and spending responsibility share (𝜃) values from 1996, and keep all other param-
eters at the 1988 values. Numbers in parentheses show the percent of debt changes that is explained by
decentralization. All debt levels are normalized by national GDP.

Figure A1: Simulated path of total debt from 1998 steady state

Note: The plot shows the path of total debt simulated from the 1988 steady state economy. The parameters of the economy
are changed to calibrated 1996 values from 1989 onward. For the counterfactual economy, we only change the fiscal
decentralization parameters (𝑒, 𝑓 , 𝜃) and keep the others at their 1988 levels.
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